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Abstract
We describe the solutions to a family of rotationally symmetric second order par-
tial differential equations in the complex plane that arises from a four-dimensional 
complex Lie algebra whose spanning set generates the algebra from which such 
generalised harmonic functions derive. We show that every one of these solutions 
have a canonical series representation and retrieve those obtained in the case of 
Laplace and Helmholtz equation. These sums are given in confluent hypergeometric 
terms that asymptotically correspond to the complex exponential function.

Keywords  Harmonic function · Power series · Confluent hypergeometric 
function · Bessel function

Mathematics Subject Classification  Primary: 31A05 · Secondary: 33C15 · 35J15

1  Introduction

It is a classical result of harmonic function theory that any harmonic function can 
be represented as an infinite converging sum of homogeneous polynomials within 
a sufficiently small neighbourhood of a point in its domain. Later extensions have 
also shown that these classical representations may be retrieved from a more general 
setting. We aim to build on these later developments and derive the homogeneous 
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expansions for the solutions to a family of second order differential operators in the 
complex plane that retrieve those obtained in the case of Laplace and Helmholtz.

The collection Ω with which we are concerned is given by the family of second 
order partial differential operators

	 Ms,t,r;z = ∂∂̄ − sz∂ − tz̄∂̄ − r, z ∈ C,� (1.1)

for complex numbers s, t, r ∈ C, where ∂ and ∂̄ are the usual complex derivatives. 
The collection of such operators contains those commonly associated with Laplace 
and Helmholtz, and maintains the rotational invariance held by these two. In fact, 
these operators form the simplest conceivable such symmetric extension that admit 
both of these two classical cases. Indeed, the middle two terms that appear in (1.1) are 
the only single first order differential operators of smallest degree that are rotationally 
invariant, while the remaining two terms remain familiarly so.

The last criteria can be said to constitute a least constraint for any viable frame-
work that extends beyond these two classical cases, at least in so far as we expect 
to be able to decompose the problem into its constituent parts. In very loose terms, 
rotational invariance allows us to replace the higher-dimensional problem with a 
countable number of local ordinary problems, each considered with respect to the 
homogeneous parts separately. The local solutions may then be patched up to form 
a global solution, in the hope that the resulting sum converges in an appropriately 
chosen space of functions, commonly taken to be C∞(U) for some open neighbour-
hood U about the origin. It was thus raised to an axiom in [14] to account for those 
operators that have appeared in connection with generalised harmonic functions, the 
analysis of which crucially relies on their invariance under rotations.

Formally speaking, the operators in (1.1) can be taken as elements or genera-
tors of the C-subalgebra H2 = ⟨∂∂̄, z∂, z̄∂̄⟩ that is strictly contained in the algebra 
R2 = ⟨∂∂̄, z∂, z̄∂̄, zz̄⟩ of all operators in the second Weyl-algebra A2 = A2(C) that 
commute with rotations. While weaker than that generated by the Laplace operator, 
which also remains invariant under displacements, this structure has been shown to 
be just rigid enough to accommodate the approach alluded to in the previous para-
graph. This last claim rests on the assertion [14, Cor. 4.4] that D ∈ R2 commutes 
with rotations if and only if there is a sequence of ordinary differential operators 
{Tm,D}m∈Z such that

	 Dfm(|z|2)ξm(z) = ξm(z)Tm,Dfm(|z|2),� (1.2)

holds for all m ∈ Z, where ξm(z) = zm for m ≥ 0 and ξm(z) = z̄|m| for m < 0. 
Provided that we can solve for each of the individual terms, a reasonable candidate 
for the solution to the homogeneous problem Ms,t,ru = 0 corresponding to (1.1) 
may then be taken to be

	
u(z) ∼

∞∑
m=−∞

fm(|z|2)ξm(z).
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The identity in (1.2) therefore allows us to reduce the two-dimensional problem to 
an ordinary single-dimensional problem, and ensures that the span of each monomial 
term over the relevant ring or space of functions remains invariant under the action 
of any operator D ∈ R2.

The elements Tm,D of the sequence associated with the operator D ∈ R2 ⊂ A2 
are thus univariate operators in the first Weyl-algebra A1 generated by x and d/dx. 
This relation between the two ring theoretic frameworks A1 and A2 can also be 
understood in terms of mappings between the two, with the intention of specifying 
precisely which of the operators in (1.1) that are mapped to the same points in A1 
for a given m ∈ Z, as described in the first part of this text. This partitioning of the 
class in (1.1) has its roots in earlier work on the subject, where it was realised that 
some parameter realms were easier to treat than others for certain families of opera-
tors in R2, and for which a closer such analysis was required in order to treat the full 
parameter range. Examples include the setup in [13]. And while the specific family 
considered in this text is more forgiving in such regards, the procedure may well be 
adapted to more general settings, and has proven to be a good starting point in the 
harmonic analysis for operators in H2.

Another distinctive aspect of Ω is that its closure Ω̄ under the vector space opera-
tions makes a four-dimensional complex Lie-algebra under the typical bilinear prod-
uct. The defining relations under this operation can be neatly summed up as

	 D1D2 − D2D1 = γ∂∂̄,

for any given D1, D2 ∈ Ω̄ of the form

	 D1 = a1 + a2z∂ + a3z̄∂̄ + a4∂∂̄, D2 = b1 + b2z∂ + b3z̄∂̄ + b4∂∂̄,

where

	 γ = a4(b2 + b3) − b4(a2 + a3).

The computations involved are straightforward, noting that the first order terms com-
mute and that [∂∂̄, z∂] = [∂∂̄, z̄∂̄] = ∂∂̄.

The last can be compared to some of the earlier well-studied cases. For example, 
and in the guiding case1 of

	 Lc1,c2,c3,c4 = c1(1 − |z|2)∂z∂̄z + c2z∂z + c3z̄∂̄z + c4 ∈ H2,� (1.3)

that was treated in [12], the commutator of any two such operators remains as before, 
but now with the problem that the operator ∂∂̄ of Laplace is nowhere contained, and 
so fails in this regard without a suitable extension.2

1 A case that we will return to on several occasions, for comparative means and in order to keep repetition 
to a minimum.
2 An infinite extension in fact, and one that contains the polynomial algebra generated by ∂∂̄
. This can be seen by first noting that [∂∂̄, z∂] = ∂∂̄, and then making use of the standard identity 
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Proceeding to the analytic and main parts of this text, we shall refer to a function 
u defined on the open ball Bρ of radius ρ > 0 centred at the origin as a solution or 
generalised harmonic function on Bρ if u is two times continuously differentiable on 
Bρ and satisfies

	 Ms,t,ru = 0 in Bρ.� (1.4)

Implicit in this last description are the three parameters s, t, r ∈ C with respect 
to which the function u satisfies (1.4), and we have chosen to drop the adjective 
”(s, t, r)−” that sometimes accompany or forego the term ”function” in reference to 
those generalised harmonic functions that satisfy an equation similar to (1.4). And 
while it makes sense to divide between certain cases of the given parameter range ini-
tially, our end result will be indifferent to such a preliminary distinction. We also note 
that the classical case of Helmholtz is retrieved by setting the first two parameters s 
and t to zero in (1.4), while Laplace equation is retrieved when all three parameters 
are ignored.

To state our primary result, we introduce the family of functions

	
P(α, β|γ; z) =

∞∑
m=0

(α, β)m

(γ)m

zm

m!
, z ∈ C,� (1.5)

for suitably chosen parameters α, β, γ ∈ C. The symbol (x, y)n in (1.5) denotes the 
generalised Pochhammer symbol

	 (x, y)n = x(x + y)(x + 2y) . . . (x + ny − y), (x, y)0 = 1,� (1.6)

and agrees with the usual Pochhammer symbol (x)n when y is set to unity.3
We will then show that any generalised harmonic u is smooth on Bρ and that it can 

be expanded as an absolutely converging sum of homogeneous terms in the form of

	

u(z) =
∞∑

m=0

∂mu(0)
m!

P(r + sm, s + t|m + 1; |z|2)zm

+
∞∑

m=1

∂̄mu(0)
m!

P(r + tm, t + s|m + 1; |z|2)z̄m, z ∈ Bρ.

� (1.7)

In this connection, we shall initially divide between two cases s ̸= −t and s = −t.
The first of these two, which we will refer to as the case of Kummer, involves the 

confluent hypergeometric function

[xn, y] =
∑n−1

j=0 xj [x, y]xn−j−1 to show that 
[
∂k∂̄k, [∂∂̄, (1 − |z|2)∂∂̄]

]
= 2k∂k+1∂̄k+1.

3 When y = k is taken to be a natural number, these symbols are also referred to as "Pochhammer k-sym-
bols" [8], commonly denoted (x)n,k = (x, k)n.
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Φ(a, b, z) =

∞∑
m=0

(a)m

(b)m

zm

m!
, z ∈ C.

It is an entire function for b ∈ C \ {0, −1, −2, . . .} and perhaps the more familiar 
of the family of hypergeometric functions following that of Gauss. The latter case 
concerns Bessel’s modified function

	 Im(z) = i−mJm(iz), z ∈ C,

where Jm is the common Bessel function parametrized by m ∈ N. We will point to 
these representational forms on numerous occasions, and show that the functions in 
(1.5) can be expressed in terms of Kummer when s ̸= −t, while being those of Bessel 
in case of the latter.

We will also show that

	
lim

m→∞
P(r + sm, s + t|m + 1; z) = esz,

where convergence is to be taken in uniform terms on compact subsets.
This work is one in a series of reports on generalised harmonic functions with 

special emphasis on its series representations. Its intent is to contribute towards the 
growing number of examples that suggest that a coherent theory for such functions 
may be within reach under certain restrictions in regards to the symmetries that under-
lie their harmonic analysis, and to point out their intricate relation to those functions 
of a special kind. There is also good reason to believe that the content of the solutions 
that arise from the family Ω in (1.1) is indicative of a more general phenomena. The 
last presumption rests in part on the findings cited throughout this text, and on numer-
ous related studies [1, 4–7, 9, 10, 15–17, 19, 20, 22, 23]. We also suggest that the 
structural foundation natural to such functions is the one adopted above, in relation to 
which the given examples are of significant importance. And while earlier perspec-
tives can be adopted, we have here taken as our starting point the work of Olofsson 
and Wittsten [21], Olofsson [18], and the even more recent studies referred to above.

2  Preliminaries

The partial differential operators in (1.1) are rotationally invariant. In contrast to the 
case of Laplace and that of Helmholtz however, it is in general not true that the 
translate u(z0 + z) of a solution u to (1.4) is again a solution to this equation. This 
difference is explained by the middle two terms z∂ and z̄∂̄, and accounts for the 
non-translative behaviour in the more general case. In regards of scaling however, 
we can always assume that the solutions to (1.1) are bound to the unit disc. For it is 
straightforward to check that the dilate v(z) := u(ρz) satisfies (1.4) in D whenever 
u satisfies (1.4) in Bρ, excepting a multiple of ρ2 > 0 in each parameter. Thus, and 
so far as the representations in (1.7) are concerned, these may then be recovered for 
any open ball Bρ centred at zero of radius ρ > 0 from those restricted to the unit disc.
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Against this background, we may then take the generalised harmonic function u to 
be a C2(D) function on the unit disc D that satisfies

	 Ms,t,ru = 0 in D.� (2.1)

The symmetry of the situation invokes the induced action eiθ ∈ T on a function u on 
D in the form of

	 Reiθ u(z) = u(eiθz), z ∈ D.

We can then ask for the possible decompositions in terms compatible with

	 Reiθ u(z) = eimθu(z), z ∈ D,� (2.2)

for m ∈ Z. It is easy to check that the last criteria is fulfilled by the functions of form

	
um(z) = 1

2π

ˆ

T
e−imθReiθ u(z)dθ, z ∈ D,� (2.3)

where u is a suitably smooth function. The latter are usually referred to as the homo-
geneous parts of u, or the m:th homogeneous part in the case of a given m ∈ Z. The 
name stems from their fulfilment of (2.2), in which case they are also said to be of 
weight m, or homogeneous of order m with respect to rotations. A generalised har-
monic function is said to be decomposed or represented in such terms if

	
u =

∞∑
m=−∞

um,

with convergence in C∞(D), given its usual topology.
Our primary goal is to show that a generalised harmonic function indeed has such 

a decomposition, and that its homogeneous parts are of the form given in (1.5). Doing 
so involves an analysis of how (1.1) acts on the homogeneous parts of such a func-
tion, which may be taken in the form of

	 u(z) = f(|z|2)zm, z ∈ D \ {0},� (2.4)

for some f ∈ C2(0, 1) and m ∈ N, following the discussion in the fourth section of 
[19]. In fact,

	 zmf(|z|2) �→ zmTs,t,r;mf(|z|2), m ∈ N,� (2.5)

under such an evaluation, where Ts,t,r;m is the ordinary differential operator

	
Ts,t,r;m;x = x

d2

dx2 + [m + 1 − (s + t)x] d

dx
− r − sm.� (2.6)
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The existence and uniqueness of such a sequence is guaranteed by the fact that the 
operators in (1.1) are invariant under rotations, as noted in connection with (1.2), 
while the more constructive statement and the retrieval of (2.6) remains subject to 
computations. To this end, we introduce the multiplication operator

	 Mζ;z = ζ(z), z ∈ C,� (2.7)

that is indexed by ζ(z) = z for z ∈ C, and acts according to Mζf(z) = ζ(z)f(z).

Lemma 2.1  Let u be of the form (2.4). Then

	

{
Mζ̄ ∂̄u = Mm

ζ |ζ|2(f ′ ◦ |ζ|2),
Mζ∂u = mMm

ζ (f ◦ |ζ|2) + Mm
ζ |ζ|2(f ′ ◦ |ζ|2),

with equality in D \ {0}, where Mζ  is the multiplication operator in (2.7).

Proof  The result follows by straightforward differentiation. As for the first of these 
two equalities, we have

	 z̄∂̄zmf(|z|2) = |z|2zmf ′(|z|2),

and

	z∂zmf(|z|2) = zmzm−1f(|z|2) + zzmz̄f ′(|z|2) = mzmf(|z|2) + zm|z|2f ′(|z|2),

for z ∈ D \ {0}. � □
The operator

	 Az = Mζ;z∂z − Mζ̄;z∂̄z, z ∈ D,� (2.8)

that appears next is called the angular derivative, for reasons that become clear when 
expressed in its corresponding polar form. As exemplified below, this operator plays 
a particular role in the study of generalised harmonic functions, and appears as the 
middle-most term in (1.1) when s = −t.

Corollary 2.2  Let u be of the form (2.4). Then

	 Au = mu,� (2.9)

with equality in D \ {0}.

Proof  The function u can be written as u = Mm
ζ (f ◦ |ζ|2) in D \ {0}, which makes 

the conclusion evident in view of Lemma 2.1. � □

Lemma 2.3  Let u be of the form (2.4). Then

1 3
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	 ∂∂̄u = (m + 1)Mm
ζ (f ′ ◦ |ζ|2) + Mm

ζ |ζ|2(f ′′ ◦ |ζ|2),

with equality in D \ {0}, where Mζ  is the multiplication operator in (2.7).

Proof  Note that

	 z̄∂̄zm|z|2f ′(|z|2) = |z|2zmf ′(|z|2) + |z|2zm|z|2f ′′(|z|2),

for z ∈ D \ {0}. It then follows from Lemma 2.1 that

	|z|2∂∂̄zmf(|z|2) = m|z|2zmf ′(|z|2) + |z|2zmf ′(|z|2) + |z|2zm|z|2f ′′(|z|2),

for z ∈ D \ {0}. This gives the desired result, following a cancellation of terms. � □

Proposition 2.4  Let u be of the form (2.4). Then

	 Ms,t,ru = Mm
ζ (Ts,t,r;mf) ◦ |ζ|2,� (2.10)

with equality in D \ {0}, where Ts,t,r;m  is the differential operator in (2.6).

Proof  We can apply Lemma 2.1 and Lemma 2.3 to the first and second order terms of 
Ms,t,r, respectively. A summation of terms then gives (2.10). � □

Corollary 2.5  Let u be of the form (2.4). Then

	 Ms,t,rū = Mm
ζ̄

(Tt,s,r;mf) ◦ |ζ|2,� (2.11)

with equality in D \ {0}, where Tt,s,r;m  is the differential operator in (2.6), with 
the complex parameters s and t interchanged.

Proof  In view of (2.10), we have

	 Ms,t,rv = Mt̄,s̄,r̄u = Mm
ζ̄

(Tt,s,r;mf) ◦ |ζ|2,� (2.12)

where v = ū denotes the complex conjugate of the function u. � □
It is worth to elaborate some on the correspondence in (2.10) between the family 

of operators in (1.1) and the ordinary differential operators in (2.6). As before, let Ω̄ 
denote the four dimensional vector space over C that is obtained from the family Ω in 
(1.1) by closing it under the vector space operations, and write A1 for the univariate 
(Weyl-)algebra generated by x and d/dx over C. In view of the previous, we may then 
define the linear maps

	 Λm : Ω̄ → A1, m ∈ Z, � (2.13)

that acts according to the rule imposed by (2.10), such that the image of Ms,t,r ∈ Ω 
under this map is Ts,t,r,m ∈ A1 if and only if (2.10) holds for all u of the form (2.4), 
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where for negative integers we impose (2.11). And while our concern here is limited 
to the family of operators in (1.1), these maps may as well be taken with respect to Ω̄ 
through Lemma 2.1 and Lemma 2.3, or even R2, as mentioned earlier.

For the comparatively small family of operators under consideration, it will be 
convenient to identify the elements in Ω with their corresponding coordinates. We 
shall do so, and note from equation (2.6) that Λm induces a linear map with matrix 
representation

	

Λm ∼




1 0 0 0
m + 1 0 0 0

0 −1 −1 0
0 −m 0 −1


 ,� (2.14)

for each m ∈ N. We will refer to the corresponding matrix by the same symbol Λm, 
and record the following.

Proposition 2.6  The matrix in (2.14) has a zero determinant. � □

The last statement says that the map Λm from C4 to itself fails to be injective. For 
a more complete picture in regards to the problem posed, it is meaningful to inves-
tigate this further, and to identify precisely which of the operators in Ω that agree 
in the restriction to functions of the form in (2.4). In other words, the vectors in C4 
whose difference lies in the kernel of the linear map in (2.14). As shown below, they 
are precisely those points v, w ∈ C4 that belong to the same class under the relation 
imposed by v ∼ w if and only if

	 v − w = µ(0, 1, −1, −m),� (2.15)

for some µ ∈ C.

Lemma 2.7  Let m ∈ N. Then the vectors v, w ∈ C4  are equivalent in the sense of 
(2.15) if and only if v − w ∈ ker Λm .

Proof  Let v and w be two complex vectors in C4 related according to (2.15). A quick 
calculation then shows that Λm(v − w) = 0. Conversely, if u is any complex vector 
in C4 such that Λm(v − u) = 0 holds, then

	





v1 − u1 = 0,
(m + 1)(v1 − u1) = 0,

(v2 − u2) + (v3 − u3) = 0,
m(v2 − u2) + (v4 − u4) = 0.

� (2.16)

The orthogonal complement of the vectors (1, 0, 0, 0), (0, 1, 1, 0) and (0, m, 0, 1) in 
C4 is spanned by the complex vector (0, 1, −1, −m) in C4, from which we conclude 
that u ∼ v in the sense of (2.15). � □
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Stated differently, the kernel of the linear map in (2.14) is the one dimensional 
subspace of C4 given by the line in (2.15). Note further that (2.16) describes the van-
ishing conditions for operators in Ω̄ with respect to all functions of the form in (2.4) 
for a given m ∈ N.

Corollary 2.8  Let m ∈ N. Then the matrix in (2.14) is a bijective linear map from the 
quotient space induced by the relation in (2.15) onto its image. � □

The above discussion leads to the following more concrete way of relating to the 
identification of operators in Ω through (2.15).

Lemma 2.9  Let m ∈ N. Let Mv  and Mw  be operators in Ω̄ corresponding to the vec-
tors v and w, respectively, under the identification of Ω̄ with C4 . Then v ∼ w in the 
sense of (2.15) if and only if

	 Mv − Mw = µA − µm,� (2.17)

where A is the angular derivative given in (2.8).

Proof  The identification of Ω̄ with C4 is a linear correspondence between vector 
spaces, and the vector in (2.15) corresponds to the operator on the right hand side of 
(2.17) under this identification. � □

It is now clear precisely which of the operators in Ω ⊂ Ω̄ that agree in the restric-
tion to functions of the form in (2.4) for a given m ∈ Z, and how the operators in 
Ω are mapped to the corresponding ordinary differential operators in (2.6) under the 
map Λm in (2.13).

Proposition 2.10  Let m ∈ N and let A denote the angular derivative in (2.8). Then 
Λm  is a bijective linear map from the quotient of Ω̄ over the one-dimensional sub-
space that is spanned by A − m onto its image.

Proof  It is straightforward to check that the given map is well defined with linearity 
inherited from Λm. We may now conclude in view of Corollary 2.8 and Lemma 2.9. 
� □

We shall end this section with a few clarifications or implications in respect of the 
latter before returning to our main purpose of describing the solutions to the equation 
in (1.4).

Corollary 2.11  Let m ∈ N. Let Mv  and Mw  be operators in Ω̄ corresponding to the 
vectors v and w, respectively, under the identification of Ω̄ with C4 . Then v, w ∈ C4  
satisfy (2.15) if and only if Mvu = Mwu for every u of the form in (2.4).

Proof  The statement is immediate in view of Proposition 2.10. � □
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Our next result shows that the collection of functions of the form in (2.4) is also 
the largest set on which two equivalent operators agree, when related in the sense of 
(2.15). We will here make use of Theorem 3.5 in [20], which provides a converse 
to Corollary 2.2. It says that a continuously differentiable function on the punctured 
open unit disc that satisfies (2.9) is homogeneous of order m with respect rotations.

Proposition 2.12  Let m ∈ N. Let Mv  and Mw  be operators in Ω̄ corresponding to the 
vectors v and w, respectively, under the identification of Ω̄ with C4 . Suppose more-
over that v, w ∈ C4  are related as in (2.15) and that their difference is non-zero. Let 
u be a twice continuously differentiable function on the punctured unit disc D. Then 
u is of the form (2.4) if and only if Mvu = Mwu.

Proof  From Lemma 2.9, we have that

	 Mvu − Mwu = µAu − µmu,� (2.18)

for some µ ∈ C \ {0}. An application of Corollary 2.2 shows that u is of the form in 
(2.4) only if the right side vanishes identically in D \ {0}. The converse to this state-
ment follows from the remarks preceding this statement, applied to (2.18). � □

3  The Kummer and Bessel equations

Let m ∈ N. The equation Ts,t,r,my = 0 that arises from the second order differential 
operator in (2.6) can then be written as

	 xy′′(x) + [m + 1 − (s + t)x]y′(x) − (r + sm)y(x) = 0,� (3.1)

for complex numbers s, t, r ∈ C. For s + t ̸= 0, this equation is known as Kummer’s 
equation, or the confluent hypergeometric equation, usually written

	 xy′′(x) + (b − x)y′(x) − ay(x) = 0,� (3.2)

for complex numbers a, b ∈ C. Under certain restrictions on the parameters, it can be 
shown that a solution to the latter exists in the form of a complex power series, known 
as the confluent hypergeometric function,

	
Φ(a, b, z) =

∞∑
k=0

(a)k

(b)k

zk

k!
, z ∈ C,� (3.3)

for a, b ∈ C such that b ∈ C \ {0, −1, −2, . . .}. Another notation for the entire func-
tion in (3.3) is 1F1(a, b, ·), that also addresses it as a member of the greater family of 
hypergeometric functions pFq(a1, . . . , ap : b1, . . . , bq : ·).

When s + t = 0, we can write (3.1) in the form of
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	 xy′′(x) + (m + 1)y′(x) − (r + sm)y(x) = 0,� (3.4)

for complex numbers s, r ∈ C. This last equation is closely connected with Bessel’s 
(modified) equation

	 x2y′′(x) + xy′(x) − (x2 + n2)y(x) = 0.� (3.5)

A solution to this last equation can be given in the form of

	
In(z) = zn

2n

∞∑
k=0

1
k! Γ(n + 1 + k)

z2k

22k
, z ∈ C,� (3.6)

which is commonly referred to as the modified Bessel function.
In the subsequent two sections, and to emphasize their particular ties with the 

special functions just mentioned, we shall divide between the two cases s + t ̸= 0 
and s + t = 0. The two cases will then be considered jointly, as we suggest a more 
transparent approach. For more on the confluent hypergeometric equation and Bes-
sel’s equation we can refer to [3], chapter 4.

4  The case of Kummer

We return to the equation in (3.1) and consider the case when s, t, r ∈ C are such that 
s + t ̸= 0. With the use of an integrating factor, we can rewrite Kummer’s confluent 
hypergeometric equation in (3.2) on the Sturm-Liouville form

	
d

dx
(e−xxby′(x)) − ae−xxb−1y(x) = 0.� (4.1)

Correspondingly, we have the following form for (3.1).

Lemma 4.1  Let m ∈ N. Then the ordinary equation in (3.1) can be written in the 
form of

	
d

dx

(
e−(s+t)xxm+1y′(x)

)
− (r + sm)e−(s+t)xxmy(x) = 0,� (4.2)

for s, t, r ∈ C. � □
In relation to (4.2), we shall consider the confluent hypergeometric function

	
Φ

(
r + sm

s + t
, m + 1, (s + t)z

)
=

∞∑
k=0

(
r + sm

s + t

)

k

(s + t)k

(m + 1)k

zk

k!
, z ∈ C,� (4.3)
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for m ∈ N and s, t, r ∈ C such that s + t ̸= 0. The restriction relating to the sum of 
the two parameters s, t ∈ C is a convenience rather than a necessity that allows us to 
express the functions satisfying (3.1) in terms of (3.3). Indeed, we have the cancel-
lation of factors

	
(s + t)n

(
r + sm

s + t

)

n

= (r + sm)(r + sm + s + t) . . . (r + sm + (n − 1)(s + t)),

for m, n ∈ N and s, t, r ∈ C such that s + t ̸= 0. Keeping the above in mind, there 
is no need to impose any added condition on the sum of the two parameters, and we 
shall return to a more general approach following a discussion in more familiar terms.

Proposition 4.2  Let m ∈ N and let s, t, r ∈ C be such that s + t ̸= 0 . Then the con-
fluent hypergeometric function in (4.3) satisfies (3.1) on the complex domain C.

Proof  By Lemma 4.1 we can write (3.1) on the form (4.2). Comparing this equation 
with that given in (4.1), we identify a = (r + sm)/(s + t) and b = m + 1 following 
the substitution of variables inferred from (4.3). � □

The following result gives our first basic construction of solutions to the equation 
in (1.4).

Proposition 4.3  Let m ∈ N and let s, t, r ∈ C be such that s + t ̸= 0 . Then

	 um(z) = Φ
(
(r + sm)/(s + t), m + 1, (s + t)|z|2

)
zm, z ∈ C,� (4.4)

satisfies (1.4), where Φ(a, b, ·) is the confluent hypergeometric function in (3.3).

Proof  An application of Proposition 2.4 gives

	Ms,t,rum(z) = zmTs,t,r,mΦ
(
(r + sm)/(s + t), m + 1, (s + t)|z|2

)
, z ∈ C.

The statement now follows from Proposition 4.2. � □
Recall the equivalence relation on the collection of operators in Ω imposed by 

(2.15). The next result shows that any function satisfying (1.4) of the form in (4.4) is 
also harmonic in relation to any operator equivalent to Ms,t,r.

Corollary 4.4  Let m ∈ N and let s, t, r ∈ C be such that s + t ̸= 0 . Let um  denote 
the function appearing in (4.4). Then

	 Ms′,t′,r′um = 0, in C,

for every choice of complex numbers s′, t ′, r ′ ∈ C satisfying

	 (s′, t′, r′) = (s + µ, t − µ, r − µm),� (4.5)
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for some µ ∈ C.

Proof  The result follows directly from Corollary 2.11. � □

Corollary 4.5  Let m ∈ Z− and let s, t, r ∈ C be such that s + t ̸= 0 . Then

	 um(z) = Φ
(
(r + t|m|)/(t + s), |m| + 1, (t + s)|z|2

)
z̄|m|, z ∈ C,� (4.6)

satisfies (1.4), where Φ(a, b, ·) denotes the confluent hypergeometric function in 
(3.3).

Proof  The function

	 v(z) = um(z) = Φ
(
(r̄ + t̄|m|)/(t̄ + s̄), |m| + 1, (t̄ + s̄)|z|2

)
z|m|, z ∈ C,

satisfies Mt̄,s̄,r̄v = 0 by Proposition 4.3, and Ms,t,r is the conjugate of Mt̄,s̄,r̄. � □
A few technical results will be needed in order to fully describe the homogeneous 

components of a function satisfying (1.4), which we include here for the sake of 
completeness. Similar results may otherwise be found in [18].

Proposition 4.6  Let m ∈ N and let s, t, r ∈ C. Let y1  and y2  be two solutions of the 
equation in (3.1). Then their Wronskian has the form

	
W (y1, y2)(x) =

∣∣∣∣
y1(x) y2(x)
y′

1(x) y′
2(x)

∣∣∣∣ = Ae(s+t)xx−(m+1),� (4.7)

for some constant A.

Proof  We simply note that

	 0 = xW ′(x) + (m + 1 − (s + t)x)W (x),

where W (x) = W (y1, y2)(x) is the Wronskian of y1 and y2. � □

Lemma 4.7  Let m ∈ N and let s, t, r ∈ C. Let y2 ∈ C 2 (0 , ∞) be a solution of the 
equation in (3.1) and assume that

	 (m + 1)y′
2(x) − (r + sm)y2(x) = o(1/xm+1), x → 0 + .� (4.8)

If y1  is another solution to (3.1) that is smooth on the non-negative real axis, then 
the Wronskian of y1  and y2  in (4.7) vanishes identically on the positive real axis.

Proof  By choosing an appropriate integrating factor for (4.8) and taking integrals, 
we get that y2(x) = o(1/xm) as x → 0+ for m > 0 and y2(x) = o(log(1/x)) as 
x → 0+ for m = 0. Consequently,
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W (y1, y2)(x) = y1(x)y′
2(x) − y′

1(x)y2(x)
= (y′

2(x) − αy2(x))y1(x) − y2(x)(y′
1(x) − αy1(x))

= o(1/xm+1),

as x → 0+, where α = (r + sm)/(m + 1). Comparing this with Proposition 4.6, we 
conclude that the constant term in the expression for the Wronskian in (4.7) must be 
zero. In other words, the Wronskian W (y1, y2) must vanish identically on the posi-
tive real axis. � □

Proposition 4.8  Let m ∈ N and let s, t, r ∈ C be such that s + t ̸= 0 . Let the func-
tion y ∈ C 2 (0 , ∞) be a solution to the equation in (3.1) that satisfies the growth 
assumption in (4.8). Then y is a constant multiple of the confluent hypergeometric 
function in (4.3).

Proof  Proposition 4.2 tells us that the confluent hypergeometric function in (4.3) is a 
solution to (3.1), by which we conclude following an application of Lemma 4.7. � □

We note here that the last few arguments apply equally well to the more general 
form of Kummer’s equation in (3.2) and the confluent hypergeometric function in 
(3.3).

The homogeneous parts of a function u ∈ C2(D) satisfying (1.4) for s + t ̸= 0 
may now be described in full.

Theorem 4.9  Let m ∈ N and let s, t, r ∈ C be such that s + t ̸= 0 . Let u be a twice 
continuously differentiable function on D that is homogeneous of order m with respect 
to rotations. Then u satisfies (1.4) if and only if

	
u(z) = KΦ

(
r + sm

s + t
, m + 1, (s + t)|z|2

)
zm, z ∈ D,� (4.9)

for some complex constant K ∈ C.

Proof  Since u is homogeneous of order m ∈ N with respect to rotations, we can write 
u(z) = zmf(|z|2) for z ∈ D and some f ∈ C2(0, 1). As u ∈ C2(D) is bounded at 
the origin, we get that f(x) = O(1/xm/2) as x → 0+. By an application of Lemma 
2.1, we also have that f ′(x) = O(1/x(m+1)/2) as x → 0+. The function f satisfies 
the equation in (3.1) by Proposition 2.4, and Proposition 4.8 then implies that u is of 
the given form. The converse of this statement follows from Proposition 4.3. � □

Corollary 4.10  Let m ∈ N and let s, t, r ∈ C be such that s + t ̸= 0 . If s′, t ′, r ′ ∈ C 
are complex numbers satisfying (4.5) for some µ ∈ C \ {0} and u ∈ C 2 (D) is a 
function satisfying (1.4), then Ms′,t′,r′u = 0  in D if and only if u is of the form given 
in (4.9).
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Proof  This follows from the previous Theorem 4.9 taken together with Corollary 4.4. 
We can also refer to Corollary 2.11 and Proposition 2.12. � □

5  The case of Bessel

We now turn to the case where s, t, r ∈ C are such that s + t = 0 and attend to the 
equation in (3.4) and its solutions. As we shall see in a moment, the latter are closely 
associated with the modified Bessel function,

	 Im(z) = i−mJm(iz), z ∈ C,� (5.1)

where Jm is the common Bessel function of the first kind of order m ∈ N.
The remark following the confluent hypergeometric function in (4.3) motivates a 

closer look at

	
Θ

(
m + 1, z) =

∞∑
k=0

1
(m + 1)k

zk

k!
, z ∈ C,� (5.2)

for m ∈ N. It is straightforward to check that the complex power series in (5.2) is 
entire, or analytic on the complex domain C. We can also express the complex power 
series in (5.2) in terms of the modified Bessel function (5.1) as

	 Θ
(
m + 1, z) = Γ(m + 1)(

√
z)−mIm(2

√
z),

for m ∈ N, with the understanding that this function is everywhere defined.
The next few results show that the functions in (5.2) are of the right form for (3.4).

Proposition 5.1  Let m ∈ N and let λ ∈ C. Then

	
d

dz
Θ(m + 1, λz) = λ

m + 1
Θ(m + 2, λz), z ∈ C.� (5.3)

Consequently,

	
dn

dzn
Θ(m + 1, λz) = λn

(m + 1)n
Θ(m + 1 + n, λz), z ∈ C.� (5.4)

Proof  Differentiating term by term we obtain

	

d

dz
Θ(m + 1, λz) =

∞∑
k=1

1
(m + 1)k

kλk

k!
zk−1 = λ

m + 1

∞∑
k=0

1
(m + 2)k

λk

k!
zk,

for z ∈ C. � □

1 3



A complex Lie algebra of rotationally symmetric operators and their…

Lemma 5.2  Let m ∈ N and let λ ∈ C. Then

	
d

dz

(
zm+1 d

dz
Θ(m + 1, λz)

)
= λzmΘ(m + 1, λz), z ∈ C.� (5.5)

Proof  By (5.3) of Proposition 5.1,

	
d

dz

(
zm+1 d

dz
Θ(m + 1, λz)

)
= λ

m + 1
d

dz

(
zm+1Θ(m + 2, λz)

)
, z ∈ C.

Note that

	
m + 1 + n

(m + 2)n
= m + 1

(m + 1)n
,

for m, n ∈ N. This shows that

	

∞∑
k=0

m + 1 + k

(m + 2)k

λk

k!
zk = (m + 1)

∞∑
k=0

1
(m + 1)k

λk

k!
zk, z ∈ C.

From this last line, we get that

	

d

dz

(
zm+1Θ(m + 2, λz)

)
= (m + 1)zm

∞∑
k=0

1
(m + 1)k

λk

k!
zk, z ∈ C,

which gives the identity in (5.5). � □
The identity in (5.5) says that the composite of the function Φ(m + 1, ·) with mul-

tiplication by complex numbers satisfies the differential equation

	
z

d2

dz2 Φ(m + 1, λz) + (m + 1) d

dz
Φ(m + 1, λz) − λΦ(m + 1, λz) = 0, z ∈ C.

By letting s + t = 0 in (4.2) and comparing the resulting expression with the identity 
in (5.5), we obtain a solution for (3.4) in the form of

	
Θ

(
m + 1, (r + sm)z) =

∞∑
k=0

(r + sm)k

(m + 1)k

zk

k!
, z ∈ C,� (5.6)

for s, r ∈ C and m ∈ N. We may treat (5.6) as a particular instance of (4.3) by the 
remarks that follow this last equation, and the results of the last section carry over to 
the present case. We thus settle with a shorter summary and refer to the last section 
for details.
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Proposition 5.3  Let m ∈ N and let s, r ∈ C. Then the complex power series in (5.6) 
satisfies (3.4) on the complex domain C.

Proof  Let λ = r + sm ∈ C and set

	 g(z) = Θ
(
m + 1, λz), z ∈ C.

By the identity in (5.5) we have that

	
d

dz

(
zm+1 d

dz
g(z)

)
= λzmg(z), z ∈ C.

By letting s + t = 0 in (3.1) and considering the resulting equation (3.4) in the form 
of (4.2), we obtain

	
d

dx

(
xm+1 d

dx
y(x)

)
= λxmy(x).

A comparison between the last two expressions shows that the power series in (5.6) 
is a solution to (3.4). � □

Proposition 5.4  Let m ∈ N and let s, t, r ∈ C be such that s + t = 0 . Then

	 um(z) = Θ
(
m + 1, (r + sm)|z|2)zm, z ∈ C,� (5.7)

satisfies the equation in (1.4), where Θ(m + 1 , ·) denotes the complex power series 
in (5.2).

Proof  An application of Proposition 2.4 gives that

	 Ms,t,rum(z) = zmTs,t,r,mΘ
(
m + 1, (r + sm)|z|2), z ∈ C.

The statement now follows as a consequence of Proposition 5.3. � □

Corollary 5.5  Let m ∈ Z− and let s, t, r ∈ C be such that s + t = 0 . Then

	 um(z) = Θ
(
|m| + 1, (r + t|m|)|z|2

)
z̄|m|, z ∈ C,� (5.8)

satisfies (1.4), where Θ(m + 1 , ·) is the complex power series in (5.2).

Proof  The result follows by taking conjugates, as in Corollary 4.5. � □

Theorem 5.6  Let m ∈ N and let s, t, r ∈ C be such that s + t = 0 . Let u be a twice 
continuously differentiable function on D that is homogeneous of order m with respect 
to rotations. Then u satisfies (1.4) if and only if
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	 u(z) = KΘ
(
m + 1, (r + sm)|z|2

)
zm, z ∈ D,� (5.9)

for some complex constant K ∈ C.

Proof  Lemma 4.7 and Proposition 5.3 show that any function f ∈ C2(0, 1) that satis-
fies (3.4) and the criteria in (4.8) is a complex multiple of the function in (5.6). We 
conclude with a similar line of argument to that given in the proof of Theorem 4.9. 
� □

The two corollaries 4.4 and 4.10 from the last section carry over more or less ver-
batim, following a slight change of wording.

6  A synthesis of solutions

The last two sections showed that solutions to (1.4) could be constructed from the 
functions in (2.4) that were homogeneous with respect to rotations. They were divided 
according to the sum of the two parameters s, t ∈ C, emphasizing the relation to the 
confluent hypergeometric function in the case of s + t ̸= 0, and the Bessel function 
in the case of s + t = 0. We also mentioned earlier in the remark following (4.3) that 
such a distinction is unnecessary, and we shall no longer deal with the two separately. 
To suggest a more transparent approach, we recall the notation

	 (a, λ)n = a(a + λ)(a + 2λ) . . . (a + nλ − λ),� (6.1)

for n ∈ N and a, λ ∈ C, where we define (a, λ)0 = 1. In this use of language, we 
can express the Pochhammer symbol as (a)n = (a, 1)n for n ∈ N, and introduce the 
complex power series

	
P(r + sm, s + t|m + 1; z) =

∞∑
k=0

(r + sm, s + t)k

(m + 1)k

zk

k!
, z ∈ C,� (6.2)

for m ∈ N and s, t, r ∈ C. It is straightforward to check that the function in (6.2) is 
entire, or analytic on the complex domain C. This last expression can be viewed as 
an outcrop of the more general

	

∞∑
k=0

(a, b)k

(c, d)k

zk

k!
, z ∈ C,� (6.3)

for a, b, c, d ∈ C such that c ̸= −nd for n ∈ N. As (6.2) is expressible as one of either 
of the two forms discussed previously, many of its relevant properties have already 
been established. We will give one of concern in the more general setting, and a for-
mula for its derivative.
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Proposition 6.1  Let a, b, c, d ∈ C be such that c ̸= −nd  for n ∈ N, and let 
G(a, b|c, d; ·) denote the complex power series in (6.3). Then

	
G′(a, b|c, d; z) = a

c
G(a + b, b|c + d, d; z), z ∈ C.� (6.4)

Consequently,

	
G(n)(a, b|c, d; z) = (a, b)n

(c, d)n
G(a + nb, b|c + nd, d; z), z ∈ C.� (6.5)

Proof  Taking derivatives, we see that

	
G′(a, b|c, d; z) =

∞∑
k=1

(a, b)k

(c, d)k

k

k!
zk−1 =

∞∑
k=0

(a, b)k+1

(c, d)k+1

zk

k!
, z ∈ C.

Since

	
(a, b)n+1

(c, d)n+1
= a(a + b)(a + b + b) . . . (a + b + (n − 1)b)

c(c + d)(c + d + d) . . . (c + d + (n − 1)d)
= a

c

(a + b, b)n

(c + d, d)n
,

for n ∈ N, we obtain

	

∞∑
k=0

(a, b)k+1

(c, d)k+1

zk

k!
= a

c

∞∑
k=0

(a + b, b)k

(c + d, d)k

zk

k!
, z ∈ C.

� □

Note that P(r + sm, s + t|m + 1; ·) = G(r + sm, s + t|m + 1, 1; ·) in the nota-
tion of this last proposition, where in the former of these two the last parameter has 
been suppressed. We have done so to ease readability, and will make little use of the 
more general expression in (6.3) moving forward.

By the discussion following (4.3), the complex power series in (6.2) can be given in 
such terms when s + t ̸= 0, and in terms of the power series in (5.6) when s + t = 0. 
Thus, the results of the previous two sections carry over to (6.2) unabridged, and can 
be translated into the current use of terminology as follows.

Proposition 6.2  Let m ∈ N and let s, t, r ∈ C be such that s + t ̸= 0 . Then

	
P(r + sm, s + t|m + 1; z) = Φ

(
r + sm

s + t
, m + 1, (s + t)z

)
, z ∈ C,� (6.6)

where Φ(a, b, ·) denotes the confluent hypergeometric function in (3.3).
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Proof  Considering the confluent hypergeometric function in (4.3) and the factors 
appearing in each of the expansion terms, we see from the follow up remark of this 
expression that

	
(s + t)n

(
r + sm

s + t

)

n

= (r + sm, s + t)n,

for n ∈ N. If we also write (m + 1)n = (m + 1, 1)n for the Pochhammer symbols 
appearing in the denominator of each term in (4.3), we see that the two expressions 
agree and that equality holds in (6.6). � □

Proposition 6.3  Let m ∈ N and let s, t, r ∈ C be such that s + t = 0 . Then

	 P(r + sm, s + t|m + 1; z) = Θ
(
m + 1, (r + sm)z

)
, z ∈ C,� (6.7)

where the function on the right of this equality denotes the complex power series 
given in (5.6).

Proof  We simply note that

	 (r + sm, s + t)n = (r + sm)n,

when s + t = 0, and that (m + 1)n = (m + 1, 1)n for n ∈ N. � □

7  Asymptotics

A subset F  of entire functions is normal if every sequence of functions in F  has a 
subsequence which converges in the space of entire functions. Convergence here 
means convergence with respect to each of the semi-norms

	
||f ||K = max

z∈K
|f(z)|,� (7.1)

for K ⊂ C compact. We also recall from the theory of analytic functions that a subset 
F  is normal if its uniformly bounded on compact subsets of C, for which we can refer 
to [2, Section 5.5].

Lemma 7.1  Let s, t, r ∈ C. Then

	 |P(r + sm, s + t|m + 1; z)| ≤ exp
(
(|r| + |s| + |s + t|)|z|

)
, z ∈ C,� (7.2)

for m ∈ N, where exp denotes the exponential function. The sequence of entire 
functions in (6.2) is therefore normal.

Proof  By the triangle inequality, we have that
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∣∣∣∣
r + sm + n(s + t)

m + 1 + n

∣∣∣∣ ≤ |r| + |s| + |s + t|,

for m, n ∈ N. As such,

	

∣∣∣∣
(r + sm, s + t)n

(m + 1, 1)n

∣∣∣∣ =
n−1∏
k=0

∣∣∣∣
r + sm + k(s + t)

m + 1 + k

∣∣∣∣ ≤ (|r| + |s| + |s + t|)n,

for m, n ∈ N. Applying the above to each term in (6.2) gives an estimate

	
|P(r + sm, s + t|m + 1; z)| ≤

∞∑
k=0

|z|k

k!
(|r| + |s| + |s + t|)k, z ∈ C,

for m ∈ N. � □

Theorem 7.2  Let s, t, r ∈ C. Then

	
lim

m→∞
P(r + sm, s + t|m + 1; z) = esz,� (7.3)

with normal convergence in the space of entire functions on C.

Proof  Let

	
κm,n = (r + sm, s + t)n

(m + 1, 1)n
.� (7.4)

From Proposition 6.1 and formula (6.5) we have that

	P
(n)(r + sm, s + t|m + 1; z) = κm,nP(r + sm + n(s + t), s + t|m + 1 + n; z),

for z ∈ C and m, n ∈ N. Evaluation at the origin gives

	 P(n)(r + sm, s + t|m + 1; 0) = κm,n,� (7.5)

for m, n ∈ N. Note further that

	
sm + r + n(s + t)

m + 1 + n
= s + r/m + n(s + t)/m

1 + (1 + n)/m
→ s,

as m → ∞ for n ∈ N. In view of (7.5), we then obtain

	 P(n)(r + sm, s + t|m + 1; 0) → sn,
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as m → ∞ for n ∈ N. If we set f(z) = esz  for the exponential function in powers of 
s for z ∈ C, then f (n)(0) = sn by the familiar formula for its derivative. A standard 
argument in line with [12, Theorem 2.6] then lets us conclude that the sequence of 
functions P(r + sm, s + t|m + 1; ·) converges to f in the space of entire functions on 
C as m → ∞. � □

As an example, we give the case of Helmholtz.

Proposition 7.3  Let um  be a twice continuously differentiable function on C that is 
homogeneous of order m ∈ N with respect to rotations. Then um  satisfies

	 ∂∂̄um(z) = rum(z), z ∈ C,

if and only if um  is a complex multiple of the function

	
zmP(r, 0|m + 1; |z|2) = zm

∞∑
k=0

rk

(m + 1)k

|z|2k

k!
, z ∈ C.

In the limit, we have

	
lim

m→∞
P(r, 0|m + 1; z) = 1,

with normal convergence in the space of entire functions on C.

8  Generalised harmonic functions and their series representations

We will now show that the solutions to (1.4) are smooth and can be represented as 
sums in terms of the basic constructions that we saw earlier, convergent on any com-
pact set about the origin. The given premises are thus generalised harmonic functions 
on open balls Bρ of radius ρ > 0 about the origin. Since scaling only has the effect of 
changing the parameters by a factor of ρ2 however, we may restrict our attention to 
that of the unit disc D, or go between the two as we please. While we find it conve-
nient to state the main result of this article in latter terms, we see some merit in taking 
a more direct approach toward others.

Recall that the space of smooth functions on a ball Bρ about the origin of radius 
ρ > 0 has a natural topology induced by the semi-norms

	
||f ||j,k,K = max

z∈K
|∂j ∂̄kf(z)|,

for j, k ∈ N and K ⊂ Bρ compact. The space is complete under this topology, and 
every absolutely convergent series in this space converges, where by convergence we 
mean convergence with respect to each of the semi-norms.

Proposition 8.1  Let s, t, r ∈ C. Then
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lim sup
m→∞

(
max

0≤x≤ρ
|P(n)(r + sm, s + t|m + 1; x)|

)1/m ≤ 1,� (8.1)

for n ∈ N and every positive real number 0 < ρ < ∞.

Proof  The complex derivative f �→ f ′ is continuous with respect to the topology 
induced by the semi-norms in (7.1) and normal families of analytic functions on C 
are uniformly bounded on compact subsets, which allows us to conclude with (8.1), 
following an application of Theorem 7.2. � □

We define the m-th homogeneous part of a suitably smooth function u on the unit 
disc D by the integral expression

	
um(z) = 1

2π

ˆ

T
e−imθu(eiθz)dθ, z ∈ D,� (8.2)

for m ∈ Z. It is straightforward to check that the m-th homogeneous part um is homo-
geneous of order m with respect to rotations and that it inherits the regularity of its 
source, such that um is k-times continuously differentiable whenever u is. Since the 
operators in (1.1) are rotationally symmetric, it also follows that if u satisfies (1.4), 
then likewise does its m-th homogeneous part.

Proposition 8.2  Let s, t, r ∈ C and let m ∈ N. Let u satisfy (1.4) on D and let um  be 
its m-th homogeneous part. Then

	 um(z) = amP(r + sm, s + t|m + 1; |z|2)zm, z ∈ D,� (8.3)

for a constant am ∈ C.

Proof  From the preceding comments, we know that um is homogeneous of order 
m with respect to rotations, and that it satisfies (1.4). In the case of s + t ̸= 0, we 
can apply Theorem 4.9 together with Proposition 6.2 for the result of this statement. 
Theorem 5.6 taken together with Proposition 6.3 gives the case for s + t = 0. � □

Corollary 8.3  Let s, t, r ∈ C and let m ∈ Z−. Let u satisfy (1.4) on D and let um  be 
its m-th homogeneous part. Then

	 um(z) = bmP(r + t|m|, t + s
∣∣|m| + 1; |z|2)z̄|m|, z ∈ D,� (8.4)

for a constant bm ∈ C.

Proof  Let vm be the conjugate of the function on the right hand side of (8.4), and 
notice from (8.2) that ūm is the |m|-th homogeneous part of the function ū. In view of 
Proposition 8.2 and the fact that Ms,t,r = Mt̄,s̄,r̄, we may thus write ūm = b̄mvm for 
some b̄m ∈ C. � □
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In the sequel, we shall consider infinite sums of smooth functions {um}∞
m=0 and 

make reference to the number lim supm→∞ ||um||1/m
j,k,K . This number provides a 

classical root test for convergence, and the sum 
∑∞

m=0 ||um||j,k,K < +∞ converges 
for j, k ∈ N and K ⊂ Bρ compact when this number is less than unity.

Proposition 8.4  Let ρ > 0  and let {fm}∞
m=0  be a sequence in C ∞[0 , ρ) such that

	
lim sup
m→∞

(
max

0≤x≤r
|f (n)

m (x)|
)1/m

≤ 1
√

ρ
,� (8.5)

for n ∈ N and 0 < r < ρ. Let B√
ρ ⊂ C denote the open ball of radius √ρ centred 

at the origin and consider the sequence of functions

	 um(z) = fm(|z|2)zm, z ∈ B√
ρ,� (8.6)

for m ∈ N. Then lim supm→∞ ||um||1/m
j,k,K < 1  for every j, k ∈ N and compact 

subset K ⊂ B√
ρ.

Proof  Let j, k ∈ N be whole numbers and let K be a given compact set contained in 
the open ball B√

ρ = {z ∈ C : |z| <
√

ρ} of positive radius √ρ centred at zero. Take 
ω to be the maximum distance |z| <

√
ρ as z varies over the compact set K ⊂ B√

ρ.

It is straightforward to check that

	
∂j ∂̄kum(z) = zm+k−j

j∑
l=0

(
j
l

)
(m + k)!

(m + k + l − j)!
|z|2lf (k+l)

m (|z|2),

for z ∈ B√
ρ and m ≥ j. By the triangle inequality, we can then write

	
||um||j,k,K ≤ ωm+k−j

( j∑
l=0

(
j
l

)
(m + k)!

(m + k + l − j)!
ω2l

)
max

k≤n≤j+k
||f (n)

m ||[0,ω2],

for m ≥ j, where ||f ||[0,w2] = sup{|f(x)| : 0 ≤ x ≤ ω2}. Note that

	
(m + k)!

(m + k + n − j)!
= (m + k) . . . (m + k + 1 − j) (m + k − j)!

(m + k + n − j)!
≤ (m + k)j ,

for j, k, m, n ∈ N such that m ≥ j, and recall the expansion formula

	
(1 + x)n =

n∑
l=0

(
n
l

)
xl.
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Thus,

	
||um||j,k,K ≤ ωm+k−j(1 + ω2)j(m + k)j max

k≤n≤j+k
||f (n)

m ||[0,ω2],

for m ≥ j. By taking the m-th root on both sides and passing to the limit, we then 
obtain

	
lim sup
m→∞

||um||1/m
j,k,K ≤ ω

√
ρ

.

Since the number ω is strictly smaller than √ρ, we may now conclude. � □

Lemma 8.5  Let s, t, r ∈ C and suppose that u satisfies (1.4) on D. Let km = am  be 
the complex constant appearing in the expression for the m-th homogeneous part 
of u in (8.3) for m ∈ N, and let km = bm  be the complex constant appearing in the 
expression for the m-th homogeneous part of u in (8.4) for m ∈ Z−. Then

	
lim sup
|m|→∞

|km|1/|m| ≤ 1.

Proof  Let 0 < ρ < 1 and note from (8.2) that

	
max
|z|=ρ

|um(z)| ≤ max
|z|=ρ

|u(z)|,

for m ∈ Z. It follows from Proposition 8.2 and (8.3) that

	
|km||P(r + sm, s + t|m + 1; ρ2)|ρm ≤ max

|z|=ρ
|u(z)|,

for m ∈ N. We also know from Theorem 7.2 that

	
lim

m→∞
P(r + sm, s + t|m + 1; ρ2) = esρ2

.

If we now take the m-th root of each side in the last inequality and then pass to the 
limit, we find that

	
lim sup
m→∞

|km|1/m ≤ 1
ρ

.

Since this is true for all 0 < ρ < 1, we get the case for non-negative m ∈ N. The case 
for m ∈ Z− is similar and we conclude accordingly. � □

We recall from Proposition 8.2 and Corollary 8.3 that the m-th homogeneous parts 
of a generalised harmonic function satisfying (1.4) are all smooth.
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Proposition 8.6  Let s, t, r ∈ C. Let u satisfy (1.4) on D and write um  for its m-th 
homogeneous part for m ∈ Z. Then

	
lim sup
|m|→∞

||um||1/|m|
j,k,K < 1,

for j, k ∈ N and every compact set K ⊂ D.

Proof  Let m ∈ N. As um is the m-th homogeneous part of the function u, it is of 
the form (8.3) for some am ∈ C. From (8.1) and Lemma 8.5 we see that the criteria 
in (8.5) is satisfied for ρ = 1. Thus lim supm→∞ ||um||1/m

j,k,K < 1 for j, k ∈ N and 
K ⊂ D compact. The result for m ∈ Z− follows by applying the previous part to the 
sequence of conjugated elements ūm, noting that ūm is the |m|-th homogeneous part 
of the generalised harmonic function ū. � □

The following result shows that every generalised harmonic function satisfying 
(1.4) can be expanded as a sum in terms of its homogeneous parts. For this we recall 
that if u is an n-times continuously differentiable function on D, then

	
u = lim

N→∞

N∑
m=−N

(
1 − |m|

N + 1

)
um,� (8.7)

in Cn(D), where um is the m-th homogeneous part of u. A more elaborative descrip-
tion of this result, originally due to Fejér, can be found in [11], section I.2.

Corollary 8.7  Let s, t, r ∈ C. Let u satisfy (1.4) on D and write um  for its m-th homo-
geneous part for m ∈ Z. Then the series of complex functions 

∑∞
m=−∞ um  is abso-

lutely convergent in the space of smooth functions on D. In particular,

	
u =

∞∑
m=−∞

um,� (8.8)

in C ∞(D).

Proof  By the root test and the previous Proposition 8.6, we conclude that the sum 
converges absolutely in C∞(D), and so converges in C∞(D). This gives the first part 
of the statement. As for the second part, we can write u on the form (8.7) with conver-
gence in C2(D). A standard argument now shows that we can escape the convergence 
factors in (8.7) and conclude with (8.8). � □

Finally then, we may state the following.

Theorem 8.8  Let s, t, r ∈ C. Then u satisfies (1.4) on D if and only if it can be writ-
ten as a sum
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u(z) =
∞∑

m=0
kmP(r + sm, s + t|m + 1; |z|2)zm

+
∞∑

m=1
k−mP(r + tm, t + s|m + 1; |z|2)z̄m,

� (8.9)

for z ∈ D and some sequence {km}m∈Z of complex numbers satisfying

	
lim sup
|m|→∞

|km|1/|m| ≤ 1.� (8.10)

The sum in (8.9) is absolutely convergent in C ∞(D) when {km}m∈Z is a sequence 
satisfying (8.10).

Proof  Let {km}m∈Z be a sequence of complex numbers such that (8.10) holds and 
set

	 um(z) = kmP(r + sm, s + t|m + 1; |z|2)zm, z ∈ D,� (8.11)

for m ∈ N, noting that these are the solutions to (1.4) that were set up in (8.3). Simi-
larly, we let

	 um(z) = kmP(r + t|m|, t + s||m| + 1; |z|2)z̄|m|, z ∈ D,� (8.12)

for m ∈ Z−, and recall the functions in (8.4).
As for the first part, consider the formal expression

	
u ∼

∞∑
m=−∞

um.� (8.13)

The same argument that we gave for Proposition 8.6 shows that

	
lim sup
|m|→∞

||um||1/|m|
j,k,K < 1,

for j, k ∈ N and compact sets K ⊂ D, with um as in (8.11) for m ∈ N or (8.12) in 
the case of m ∈ Z−. An application of the root test then shows that the sum (8.13) 
converges in C∞(D), and allows us to write (8.13) with equality. In the case of 
s + t ̸= 0, the results of Proposition 4.3 and Corollary 4.5 now carry over through 
Proposition 6.2 and show that the functions in (8.11) and (8.12) satisfy (1.4). Propo-
sition 5.4 and Corollary 5.5 taken together with Proposition 6.3 give a similar con-
clusion in the case of s + t = 0. Thus u is a generalised harmonic in C∞(D), and 
completes the first part.

Conversely, let u satisfy (1.4). If we denote its m-th homogeneous part by um, 
then Proposition 8.2 and Corollary 8.3 tell us that the m-th homogeneous parts are of 
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either of the two forms (8.11) or (8.12), depending on whether m ∈ N or m ∈ Z−. 
Lemma 8.5 and Corollary 8.7 now allow us to conclude with the statement of this 
Theorem. � □

We shall continue in the vein of earlier expositions and sketch a few results con-
cerning the expansion coefficients in (8.9).

Proposition 8.9  Let s, t, r ∈ C. Let u be a generalised harmonic function on D 
with series representation (8.9) that is characterized by the sequence of coefficients 
{km}m∈Z conditioned by (8.10). Then

	
km = lim

ρ→0

1
2πρ|m|

ˆ

T
u(ρeiθ)e−imθdθ,� (8.14)

for m ∈ Z.

Proof  Let m ∈ N. By expressing u in the form of (8.9) and integrating termwise, we 
get that

	
1

2π

ˆ

T
u(ρeiθ)e−imθdθ = kmP(r + sm, s + t|m + 1; ρ2)ρm,

for 0 < ρ < 1. Dividing through by ρm and taking the limit gives the case for m ∈ N. 
The case for negative integers is similar. � □

Theorem 8.10  Let s, t, r ∈ C. Let u be a generalised harmonic function on D with 
series representation given by (8.9) for some expansion coefficients {km}m∈Z con-
ditioned by (8.10). Then

	 km = ∂mu(0)/m! and k−m = ∂̄mu(0)/m!,� (8.15)

for m ∈ N.

Proof  The result can be proven by considering the Taylor expansion of u about the 
origin and inserting the resulting expression into the integral on the right side of 
(8.14), followed by a passage to the limit in ρ. We refer to [12, Theorem 5.3] for 
details. � □

The last statement implies that the representation is unique, and entails the 
following.

Corollary 8.11  Let s, t, r ∈ C. Let u be a generalised harmonic function on D. If 
∂mu(0 ) = ∂̄mu(0 ) = 0  for all m ∈ N, then u is identically zero on D. � □

In summary then, we arrive at the following representation for the generalised 
harmonic functions under consideration.
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Corollary 8.12  Let s, t, r ∈ C. Let u satisfy (1.4) on D. Then

	

u(z) =
∞∑

m=0

∂mu(0)
m!

P(r + sm, s + t|m + 1; |z|2)zm

+
∞∑

m=1

∂̄mu(0)
m!

P(r + tm, t + s|m + 1; |z|2)z̄m,

for z ∈ D.

Proof  The result is a straightforward consequence of the preceding Theorem 8.8 and 
Theorem 8.10. � □

We conclude with an example and return to the case of Helmholtz in Proposition 
7.3.

Proposition 8.13  Let r ∈ C and let u be a twice continuously differentiable function 
on D that satisfies

	 ∂∂̄u − ru = 0, in D.

Then

	
u(z) =

∞∑
m=1

∞∑
n=0

(
zm∂mu(0) + z̄m∂̄mu(0)

(m + n)!

)
rn|z|2n

n!
+

∞∑
n=0

u(0)
n!

rn|z|2n

n!
, z ∈ D.

In particular,

	
u(z) =

∞∑
m=1

zm∂mu(0) + z̄m∂̄mu(0)
m!

+ u(0), z ∈ D,

when r = 0 .
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