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Abstract 
Fluidized bed technology is used for thermal conversion of solid fuels (combustion and 

gasification) and is especially suitable for conversion of low-rank fuels such as biomass and 

waste. The performance of fluidized bed units depends on the fuel mixing and fuel-gas 

contact. Thus, it is important to understand these two phenomena in order to develop 

models for reliable design and scale up of fluidized bed units. This work investigates, under 

conditions representative for industrial fluidized bed units, the lateral fuel mixing (in a unit 

with a cross section of 1.44 m
2
 both at hot and cold conditions) and the bubble flow 

distribution (in a 1.2 m-wide 2-dimensional unit). 

 

The work confirms previous findings on the formation of preferred bubble paths and shows 

that these bubble paths are enhanced by lowering the fluidization velocity, increasing the 

dense bed height and reducing the pressure drop across the gas distributor. 

 

From the fuel mixing experiments, an estimation of the lateral effective dispersion 

coefficient to values in the order of 10
-3

 m
2
/s is obtained under both hot and cold conditions. 

The experiments under cold conditions give additional qualitative information on the fuel 

mixing patterns such as flotsam/jetsam tendencies. The camera probe developed for fuel 

tracking under hot conditions enables to study the fuel dispersion under real operation at 

relevant industrial scales. 

 

Based on the characteristics of the bubble path flow, a model for the horizontal fuel 

dispersion on a macroscopic scale is formulated and shown to be able to give a good 

description of the experimental data. As opposed to the commonly applied diffusion-type 

modeling of the lateral solids dispersion, the proposed model facilitates integration with 

models of the bubble flow. Thus, the present modeling work is a first step to provide a 

modeling of the fuel dispersion, which uses as inputs only the main operational parameters 

of the fluidized bed. 

 

 

Keywords: Fluidized bed, Fuel mixing, Bubble distribution, Digital image analysis, Particle 

tracking  
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1 Introduction 

1.1 Role of lateral fuel mixing in fluidized bed boilers 

Fluidized bed combustion is a widely used technology for thermal conversion of low-rank 

solid fuels. Fluidized bed boilers typically range from 30 MWth to several hundreds of MW 

combining heat and power generation, including units with supercritical steam cycle [1, 2]. 

Fluidized bed combustion is based on the use of a bed of solid particles (ash and, in some 

cases, sulphur sorbent and/or added makeup material) which attains fluid-like properties 

upon passage of a gas. Depending on the gas velocity, solid particles may be entrained by 

the gas flow. Based on whether the magnitude of the entrained particle flow is of 

significance or not, fluidized beds are classified as bubbling (Fig. 1a) or circulating (Fig. 1b), 

respectively [3]. Circulating fluidized beds are equipped with a solids recirculation system 

(usually formed by cyclone, downcomer and particle seal) which keeps entrained solids 

within the system by separating them from the gas flow and feeding them back to the riser. 

 

a)  b)  

Figure 1: Schematic illustration of the basic design of a) a bubbling and b) a circulating fluidized bed boiler 

(PA=primary air, SA=secondary air, BM=biomass (fuel), FG=flue gas). Illustrations from [3]. 

 

One of the advantages of fluidized beds compared to other combustion technologies is the 

relative rapid gas-solids mixing resulting from the bed dynamics. Other key advantages are 

the possibility for in-bed sulphur emission control through sorbent addition and the high 

flexibility in both thermal load and fuel composition (allowing co-combustion and use of low-

rank fuels). A main characteristic of fluidized beds (especially in circulating units) is that the 

bed material acts as a thermal flywheel, i.e. dampening temperature fluctuations in the 

boiler ([4], among others).  
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Fuel mixing is a key phenomenon with strong influence on the performance of fluidized bed 

boilers. The lateral fuel dispersion rate determines to what extent the cross-sectional fuel 

distribution will be homogeneous. A homogeneous fuel distribution allows for operation at 

low excess air ratios, thus minimizing operational costs and NOx emissions. For cost reasons, 

boiler manufacturers aim at large furnaces with cross sections of several square meters and 

a limited number of fuel feeding ports. However, units with large cross-sectional areas entail 

increased difficulties in distributing fuel evenly across the bed, making boiler performance 

more sensitive to the operational conditions governing the fuel transport. 

 

Large-scale boilers have relative shallow beds, with aspect (i.e. bed height-to-width) ratios 

below or much less than 1. This, combined with the fact that solids mixing is typically slower 

in the lateral than in the vertical direction [5], makes fuel mixing especially critical in the 

lateral direction. Considering this, the ratio between characteristic times for lateral fuel 

dispersion and the different stages of thermal fuel conversion becomes an important 

parameter for the design and scale up of fluidized bed boilers. Such ratio of characteristic 

times is expressed by the Damköhler number [6], i.e.  

 

�� =  ����	
��������
���� = �/����	
��������
����   (1) 

 

A low Damköhler number (Da<<1) indicates that the lateral fuel dispersion rate is high 

enough to ensure a sufficiently homogeneous cross-sectional distribution of the fuel. In 

contrast, a high Damköhler number (Da>>1) indicates insufficient lateral transport, 

representing a maldistribution of the conversion product (i.e. moisture, volatiles and char 

conversion products resulting from the drying, devolatilization and char conversion 

processes). The Damköhler number depends on the operational conditions, the fuel particle 

size and type and the cross-sectional dimensions of the unit [6-8]. Note that the processes of 

drying and devolatilization always have higher Damköhler numbers (and thus more tendency 

to maldistribution) than char conversion, due to the much shorter characteristic times for 

drying and devolatilization compared to that of char conversion. Thus, low-rank fuels (e.g. 

biomass and waste) have a stronger potential to create a horizontal maldistribution of 

combustibles in the furnace. Such a maldistribution influences the performance of the boiler 

negatively in terms of combustion efficiency, allocation of heat release and formation of 

emissions ([7] and references therein). 

1.2 Scope and Aim 

The aim of this thesis is to investigate and couple the bubble distribution and the lateral fuel 

mixing under conditions representative for industrial fluidized bed boilers. The role played 

by the bubble distribution and the fuel mixing on the boiler performance is outlined in Fig. 2. 

The operational conditions (including the physical properties of the bed material) determine 

the bubble flow pattern in the bottom bed. In turn, the bubble flow governs key phenomena 

for the boiler performance such as fuel mixing, gas distribution and gas-solids contact.  
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Figure 2: Outline of the connection between the operational parameters and 

boiler performance. 

 

As shown in this work, the bubble flow distribution has a clear influence on the fuel mixing. 

Despite this, no validated macroscopic model coupling the fuel mixing pattern in large-scale 

fluidized bed boilers to the horizontal bubble flow distribution is available in literature.  

 

• Paper I focuses on the formation of preferred bubble paths. The influence of different 

relevant operational parameters on the time-averaged horizontal distribution of the 

bubble flow is investigated under conditions representative for boiler operation. In 

particular, this work studies the influence of the pressure drop across the gas 

distributor, a relevant but often neglected parameter.  

 

• Paper II studies the mechanisms behind fuel mixing in the bottom part of the riser 

(dense bed and splash zone). The paper includes an experimental study in which fuel 

particles are tracked in a large-scale (1.44 m
2
) bubbling bed under cold conditions. The 

results presented contribute to cover the lack of experimental data in literature for 

lateral fuel dispersion in large-scale units. Furthermore, a new modeling approach for 

the lateral fuel mixing is proposed based on the coupling between main bubble paths 

(previously studied in Paper I) and solids mixing structures.  

 

2 Influence of bubble flow on solids mixing 
It is generally accepted that solids (and thereby fuel) mixing in fluidized beds is induced and 

governed by the bubble flow [9]. Solids mixing is ascribed to three mixing mechanisms 

directly connected to the rise and eruption of a bubble [10-14]:  

1. Wake mixing: solids are dragged into, mixed, lifted by and shed from the wake of 

rising bubbles. 

2. Emulsion drift or gulf-streaming: induced by vertical mass balancing, solids flow 

downwards with the emulsion as wake solids are dragged up. 

3. Splashing: particles thrown into the freeboard by erupting bubbles scatter across the 

bed surface.  
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The mixing mechanisms taking place during a bubble cycle, i.e. bubble formation, rise and 

eruption, in an incipiently fluidized bed are illustrated in Fig. 3.  

 

     
a) t0 (before) b) t1 c) t2 d) t3 e) t4 (after) 

Figure 3: Illustration of solids mixing due to the passing and eruption of a bubble in an incipient fluidized 

bed. The resulting displacement of solids due to the mixing mechanisms of (1) wake mixing, (2) emulsion 

drift and (3) splashing is illustrated in e) (after [11]). 

 

Each sequential bubble cycle induces solids mixing according to the above-mentioned 

mechanisms, thus, the horizontal distribution of the bubble flow (i.e. randomly or in 

preferential chains) characterize the induced solids motion [14, 15]. Under operational 

conditions representative for fluidized bed boilers, the fuel flow pattern in 2-dimensional 

units is found to be structured in horizontally-aligned vertical vortices with alternating 

rotational directions [8, 16]. This is exemplified in Fig. 4, where the fuel flow pattern is 

governed by the formation of two stable bubble paths at x=0.2 m and x=1.0 m. Fuel upflow 

regions coincide with the bubble path locations while fuel downflow regions encompass the 

adjacent emulsion phase undergoing emulsion drift [14, 17-19].  

 

 

 

 

Figure 4: Fuel mixing flow pattern. Tracer 

concentration (gray-scale field) and tracer mean 

velocity (vector plot). From [8]. 

Figure 5: Solids mixing pattern in a wider geometry as a 

result of several horizontally-aligned mixing cells 

corresponding to respective mean bubble paths. 

 

According to the findings general to all experimental runs in [8], a pair of solids mixing 

vortices with alternated rotation direction is found in a 2-dimensional geometry around each 

main bubble path. Each pair of vortices is thought to correspond to cross-sectional cut of a 
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toroidal flow structure forming around each bubble path in 3-dimensional geometries. In 

wider 2-dimensional geometries, the solids flow pattern is characterized by multiple two-

vortex flow structures as illustrated in Fig. 5. This leads to the concept of mixing cell, i.e. a 

repeated flow pattern structure governing the solids mixing with locations directly 

connected to the main bubble paths. The net lateral solids transport is the result of solids 

exchange between different mixing cells.  

 

3 Investigation of the bubble flow  
The bubble flow distribution affects the boiler performance not only by determining the gas 

distribution over the riser cross section, but also by governing the solids mixing, as briefly 

presented above. Investigating how operational conditions influence the bubble flow 

distribution and thereafter its influence on the solids mixing are key steps towards a proper 

description of the fuel mixing.  

3.1 Fluidization regimes, gas throughflow and preferred bubble paths 

The bubble flow is strongly related to the fluidization regime established. Three different 

fluidization regimes are identified by Svensson et al. [20] in the dense bed region:  

a) multiple bubble regime; several small bubbles exist simultaneously in the bed  

b) single bubble regime; only a few large bubbles occupy the bed at any given time 

c) exploding bubble regime; large bubbles extend through the entire dense bed height, 

providing a gas bypass between the gas distributor and the freeboard 

 

Commercial fluidized bed boilers operate at fluidization velocities far higher than the 

minimum fluidization velocity and with relatively low pressure drops over the gas distributor, 

which promotes fluidization under the single bubble or exploding bubble regimes [21, 22]. 

Under these operational conditions, the total gas flow is considerably higher than what 

corresponds to the visual bubble flow and a significant fraction of the gas flow passes the 

dense bed as so-called throughflow [20, 23]. Preferred bubble paths are formed as bubbles 

rising in the dense bed provide a low-resistance flow path which is followed by subsequent 

trailing bubbles [14, 15]. The gas throughflow shortcutting the dense bed by passing through 

and between bubbles is responsible for bubble coalescence [24], thus, the throughflow 

follows bubble paths. In large-scale units, the existence of preferred bubble paths entails an 

uneven horizontal distribution of the gas flow which governs the lateral fuel mixing.  

3.2 Previous work on the distribution of bubble flow 

In spite of bubble properties and bubble behavior in fluidized beds having been studied for 

decades, investigations of the spatial distribution of the bubble flow available in literature 

[14, 15, 25-29] are limited to qualitative studies in units not resembling boiler operation, i.e. 

in units with high bed aspect ratios and relatively high pressure drop across the gas 

distributor. Previous work [14, 27] has identified that the bed aspect ratio is of key 

importance for the horizontal distribution of the bubble flow but other studies on the bed 

dynamics [20-22] and fuel mixing patterns [8, 16] have also revealed that the distributor 

pressure drop is of key importance for the bubble flow. However, information of the 

pressure drop across the distributor is seldom reported in experimental works on the bubble 

flow, preventing a proper analysis of the results.  
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As indicated above, the spatial distribution of bubbles can be monitored either directly 

(through measurement of the bubble flow) or indirectly (through analysis of the solids flow 

pattern). Direct measurements of bubble properties in fluidized beds have been performed 

with immersed probes, preferentially resistivity/capacitance [14, 15, 30, 31] or optical [26, 

28, 32] probes. The main disadvantage of immersed probes is that it is an intrusive 

technique disturbing the bubble flow. Tomographic and imaging techniques (X-ray [33], γ-ray 

[34], PEPT [29], laser [35], magnetic resonance [36] and capacitance tomography [37,38]) are 

non-intrusive methods for investigating the bubble flow in 3-dimensional fluidized beds, but 

offer limited time and spatial resolution [39]. Studies of the bubble flow with high time and 

spatial resolution can be carried out at low investment and analysis costs by means of 

automated digital image analysis (DIA) in 2-dimensional beds  [19, 27, 39-44] but direct 

quantitative extrapolation of results to 3-dimensional environments is not possible. 

Measurements of in-bed pressure fluctuations are frequently used for analysis of the 

fluidization regime, but can provide relevant information also on the bubble flow properties 

[45]: the frequency of the pressure fluctuations indicates the average bubble frequency in 

the bed while the amplitude is connected to the bubble size. However, pressure fluctuation 

measurements yield little information about the spatial distribution of the bubble flow. 

3.3 Bubble flow distribution and formation of bubble paths  

The formation of stable bubble paths has been observed not only in large-scale units with 

low pressure drop distributors but also in units with high pressure drop across the gas 

distributor, thus being an intrinsic property of the dense bed dynamics [14, 25]. The number 

and location of solids mixing cells is directly determined by the main bubble paths, as 

discussed in connection to Fig. 5. The formation of clearly defined bubble paths depends on 

the operational conditions, properties of the bed material and distributor design [14, 27, 29].  

 

Perforated plate distributors are commonly used in laboratory units while commercial scale 

units use tuyere or bubble-cap nozzles due to mechanical strain and operational cost 

(limiting fan power) [4]. When using nozzles, the location of bubble paths is pre-conditioned 

since the gas only enters the bed at fixed positions given by the nozzle arrangement. 

Thereby, the location of the bubble paths is determined by the relation between the dense 

bed height (A), the lateral coalescence height (B) and the distance between nozzles (C), as 

outlined in Fig. 6 [14, 46]. The coalescence height has been shown to depend on the distance 

between nozzles, operational conditions and solids properties [27, 46].  

 

 
Figure 6: Illustration of the three distances controlling bubble coalescence with a 

nozzle distributor: A) dense bed height, B) coalescence height, C) distance 

between nozzles 
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As discussed in [14, 27, 47], if the dense bed height is lower than the height for lateral 

bubble coalescence, i.e. A<B, bubble paths are centered above the nozzles and equal in 

number to the number of nozzles, as illustrated in Fig. 7a. In contrast, if the dense bed 

height is high enough to allow lateral bubble coalescence, i.e. A>B, bubble paths are 

centered between the nozzles, thus relocating the mixing cells as illustrated in Fig. 7b. In 

addition, as the bubble paths undergo lateral coalescence, a more complex solids mixing 

pattern is established (see Fig. 7b) [14, 27]. Note that while Fig. 7b considers one level of 

lateral coalescence, i.e. B<A<2B, a further increase in bed height, i.e. A>2B, would allow for 

further lateral coalescence, relocating the main bubble paths (and thereby the 

corresponding mixing cells) centering the bubble paths above or in between the nozzles [47]. 

 

a) No bubble coalescence b) Bubble coalescence   

Figure 7: Illustration of the bubble paths (gray arrows) and solids flow (black arrows)  

3.4 Experiments: Influence of the operational conditions on the bubble flow  

Bubbles do not flow only along main bubble paths but are to a certain extent distributed 

across the whole cross section of the bed. Paper I studies how the distribution of the bubble 

flow in the horizontal direction is influenced by three key operational parameters 

(fluidization velocity, bed height and pressure drop across the gas distributor). The bubble 

flow in a 2-dimensional fluidized bed unit with a transparent front wall and perforated plate 

distributor operating at different conditions is recorded and analyzed with DIA.  

 

Through DIA, the bubble phase is separated from the emulsion phase in each video frame by 

means of pixel light intensity in an automated process illustrated in Fig. 8. The analysis 

begins with the conversion of the video-recorded RGB image (Fig. 8a) into a gray-scale image 

(Fig 8b). In the gray-scale image, the dense bed (cyan line) and the bubble phase (yellow 

lines) boundaries are identified through a dual-threshold procedure. Through this 

discrimination, a binary image (Fig. 8c) is produced. The binary images are used for the 

statistical analysis of the bubble flow over several video frames, providing the result data 

exemplified in Fig. 8d, where the existence of preferred bubble paths is illustrated with both 

the local time-averaged bubble fraction (gray field) and the corresponding time-averaged 

bubble fraction profile (curve). 
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a) Original RGB image b) Gray scale image with bed surface and bubble 

boundaries marked 

  
c) Binary image d) Time-averaged local bubble fraction  

Figure 8: Illustration of the digital image analysis process (u = 1 m/s, low ∆pdist, H0 = 0.3 m) 

 

The heterogeneity of the bubble flow distribution in the horizontal direction is quantified 

through the variance of the probability of bubble observations, which is plotted in Fig. 9 for 

runs at different operational conditions. In spite of the use of a perforated gas distributor 

plate with relatively uniform permeability, clearly defined bubble paths could be observed in 

the bed. 

 

 
Figure 9: Variance of the probability of bubble observation in the horizontal 

direction as a function of operational conditions  

 

It is seen from Fig. 9 that bubble flow distribution is more heterogeneous at lower 

fluidization velocities, high dense beds and low pressure drops across the gas distributor. 

Furthermore, as fluidization velocity is increased above 1.5 m/s, the other operational 

conditions do not seem to have any major influence on the heterogeneity of the bubble flow 
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distribution, which levels out at a minimum level. Note that at this minimum level main 

bubble paths do still exist, although they are not as pronounced, i.e. a significant share of the 

bubble flow occurs outside the main bubble paths. 

 

4 Investigation of lateral fuel mixing 

4.1 Previous work  

The experimental work on lateral solids mixing in fluidized beds available in literature can 

generally be divided into two groups:   

i) Mixing of bed material [13, 18, 48-56]  

ii) Mixing of objects immersed in a bed [8, 9, 16, 17, 57-65] 

 

The literature included here is limited to works regarding particles belonging to group B 

according to Geldart’s classification [66], i.e. the same Geldart group as solids in fluidized 

bed boilers. Studies of relevance concerning fuel mixing are included in category (ii). 

Published investigations focusing on lateral fuel mixing in large-scale units are scarce [60, 61, 

67], although this is a critical phenomenon with direct influence on the boiler performance. 

Works on lateral fuel mixing in small-scale and 2-dimensional units are of limited relevance 

since the results obtained are limited to qualitative analysis due to the influence of wall 

effects. Furthermore, due to the difficulties coupled to investigations under hot conditions, a 

majority of the experimental works are performed under cold conditions and thus without 

the influence of fuel conversion. However, a few studies [62-64] have used carbon dioxide as 

tracer, which to a certain extent can resemble the gas release from fuel particles during their 

conversion. Experiments under cold conditions are obviously only able to provide qualitative 

insights into the influence of the studied parameters on fuel dispersion. Despite the 

importance of preserving the fluid dynamics in quantitative studies of the fuel mixing under 

cold conditions, only Bellgardt et al [62]  have used scaling laws.  

 

The fuel dispersion coefficient is commonly estimated from measurements (direct or 

indirect) of the fuel concentration distribution [58-65] but these measurements provide no 

information about the mixing mechanisms governing the fuel transport. In order to gain 

insight into the fuel mixing mechanisms, information about the trajectory of the fuel 

particles with high enough spatial and time resolution is necessary, which requires tracking 

of individual tracer particles. The tracer particles, besides being distinguishable from the bulk 

material, should have physical properties representative for fuel particles and preferably be 

able to resemble the influence that fuel conversion has on the fuel dispersion (i.e. changes in 

size and density and the release of gases, which is claimed to induce an increased flotsam 

behavior, see [68]). Several of the non-intrusive particle tracking techniques have been 

included in the reviews by Chaouki et al. [69] and Werther [70].  

 

Experimental techniques based on tomography and radiography are often used for mapping 

the distribution of the gas and solids phases [69-72], but cold lab-scale 3-dimensional 

tracking of tracer particles has been carried out with positron emission particle tracking 

(PEPT) [73-75] and radioactive particle tracking (RPT/CAPRPT) [53, 72, 76-79] (although such 

measurements are costly and also have limited spatial and time resolution). These 
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techniques have yet not been implemented in large-scale units due to the required large-

scale detector.  

 

DIA of video recordings has been developed into a particle tracking technique [8, 9, 16, 17]. 

Applied to 2-dimensional beds, DIA can continuously track a single tracer particle but wall 

effects limit the results obtained to qualitative evaluations. In 3-dimensional beds, the 

technique limits data collection to a 2-dimensional interface (most often the dense bed 

surface). However, particle tracking with DIA does not require radioactive tracer particles 

and is associated with a low cost data acquisition and analysis system which makes the 

technique suitable for both pre-studies and extensive investigations at larger scales. Thus, 

DIA of video recordings is an efficient, easy and low-cost particle tracking technique, with 

high time and spatial resolution (depending on the video recording system) which is 

applicable to large geometries.  

4.2 Experiments: Evaluation of the lateral fuel mixing 

As a step towards understanding the connection between fuel mixing and bubble flow 

distribution, the lateral fuel dispersion in the bubbling fluidized bed of the Chalmers indirect 

gasifier (2-4 MWth) is experimentally investigated. The bed has a cross-sectional area of 

1.44 m
2
. 

4.2.1 Cold conditions  

Paper II investigates the lateral fuel dispersion under cold conditions in the 1.44 m
2
 bed by 

means of tracking phosphorescent tracer particles in a dark environment through DIA. Video 

recordings are taken by a CCTV camera mounted in the roof of the gasifier. The interface for 

data collection is limited to the domain above the dense bed surface, which results in 

discontinuous tracking of the fuel particle due to frequent submergence of the tracer 

particle in the dense bed.  

 

The lateral dispersion of two types of biomass tracer particles (wood chips and bark pellets) 

at two different fluidization velocities has been investigated. The tracer particles are fed to 

the gasifier either as a single tracer particle or as a batch. Single-particle tracking yields 

information about the tracer particles trajectory, flotsam/jetsam tendencies and the relative 

importance of the mixing mechanisms taking place above and below the dense bed surface. 

Batch-particle tracking provides time-efficient evaluation of the lateral mixing.  

 

The single-particle tracking of wood chips reveals that the lateral transport of the particles 

takes place mainly when these are submerged in the dense bed. In this work, tracer particles 

show a significant jetsam behavior which is accentuated when increasing the fluidization 

velocity. Furthermore, through visual inspection of the dense bed surface, the existence of 

stable and dominant bubble paths (centered above the nozzles) is confirmed for both 

fluidization velocities investigated. 

 

The cumulative probability of observation of a wood chip tracer shown in Fig. 10 reveals a 

regular mesoscopic variation which is related to the locations of the bubble paths. This 

illustrates how the formation of bubble paths with a pronounced gas throughflow may 

enhance the occurrence of oxygen rich zones (low oxygen-fuel contact). This also indicates 
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that to properly describe and model the fuel mixing process in a fluidized bed, a mesoscopic 

model taking into account the bubble flow distribution is required.   

 
Figure 10: Cumulative probability distribution of tracer observations after 20 

minutes. Data taken from 24 individual single wood chips runs (u/umf=5). 

 

From the batch-tracking analysis, the cumulative probability distributions of tracer 

observations at different times can be obtained (see Fig. 11). The analysis of the batch-

tracking experiments yields dispersion coefficients in the range 0.25-1.24x10
-3

 m
2
/s. 

Increased gas velocity leads to a noticeable increase of the lateral mixing for wood chips but 

not for bark pellets, which reveals a strong influence of the shape, volume and density of the 

fuel particles traced. 

 

a)  b)  

Figure 11: The cumulative probability density of observation for wood chips at the time that a) 10% and b) 

50% of the total amount of observations has been recorded (u/umf=5). 

4.2.2 Hot conditions  

Quantitative results from experimental studies on fuel dispersion can only be directly used in 

modeling if the experimental conditions are representative for real operational conditions, 

i.e. hot conditions with fuel particles undergoing thermal conversion, and at a size-scale 

relevant to industrial operation. Tracking of fuel particles in large-scale 3-dimensional units 

under hot conditions is a challenging task which has earlier been tackled through indirect 

methods (i.e. monitoring of the spatial gas release from the fuel [60, 65]). However, indirect 

tracking implies intrinsic errors derived from the gas mixing, gas concentration 

measurements and the estimation of the kinetics of the gas release from the tracer. 

Furthermore, indirect fuel tracking yields no information about the trajectory of the fuel 

particles or the vertical fuel concentration profile in the bed (thus providing no knowledge 

on the flotsam/jetsam tendencies of fuel particles, an important parameter when studying 

the fuel mixing and gas-solid contact).  
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A technique for direct fuel tracking under hot conditions has been developed and 

implemented in the Chalmers indirect biomass gasifier. The technique is based on inserting a 

cooled video camera probe (Fig. 12) in a fluidized bed operated under reducing conditions. 

With this, the interference of flames from volatile combustion is avoided and fuel particles 

above the dense bed region can be tracked due to their lower temperature. The camera 

probe is mounted in a port located in the front wall of the gasifier with an inclination 

downwards of 45°, i.e. directed towards the dense bed surface.  

 

 
a) Design sketch 

 
b) Probe 

Figure 12: Camera probe 

 

The basic layout of the gasifier is illustrated in Fig. 13. Fuel is fed into the gasifier by gravity 

through a chute placed in the front wall, opposite to the inlet of bed material. The heat for 

gasification is supplied by hot solids from the CFB combustor present in the system [80] 

entering the gasifier at the right-rear corner (see Fig. 14). This solids flow (which includes 

some char) exits the gasifier together with partially converted fuel particles at the left-rear 

corner. Besides the lateral solids dispersion inherent to the dynamics of the fluidized bed, 

the net flux of bed material through the gasifier further increases the rate of lateral solids 

transport in the gasifier [54]. 

 

  
Figure 13: Schematic illustration of the gasifier cross 

section and the camera position. 

Figure 14: Rear wall of the gasifier showing the 

solids inlet and outlet. 
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The gasifier is operated at a temperature of 1025 K and atmospheric pressure. The fluidizing 

medium is steam supplied through tuyere-type nozzles. The bed material is silica sand with a 

mean particle size of 0.35 mm and a density of 2600 kg/m
3
.  The bed is operated with a net 

flux of bed material of about 2-5 kg/s. The fuel particles used in the experiments are wood 

chips (properties given in Table 1). To increase traceability time, the wood chips are soaked 

in water during 24 h in order to delay their temperature increase. This obviously increases 

the amount of vapor released from the particles, possibly enhancing their flotsam 

tendencies under their drying stage [67]. Consequently, this could have a positive effect on 

the dispersion rate if the mixing mechanisms taking place at the dense bed surface provide a 

larger lateral displacement than those below the dense bed surface. 

 
Table 1: Wood chip fuel properties  

 Shape Dimensions [mm] Volume [m
3
] Density [kg/m

3
] 

Wood chips Hexahedric 32.5 x 32.5 x 4.4 4.5x10
-6

 460 (before soaking) 

 

The camera recording captures the thermal radiation from the bed, i.e. the red spectrum of 

the visible light emitted from the hot bed (Fig. 15). Since fresh fuel particles entering the 

gasifier at ambient temperature emit no light, they are traceable in the hot environment as 

dark spots until they reach a temperature close to that of the bed. Batches of 15 wood chips 

are fed for tracking.  

 

 

Figure 15: Video frame from the fuel tracking under hot conditions in the Chalmers 

gasifier. Fuel particles are marked with arrows and edges of particle inlet and outlet 

locations are marked with lines.  

 

The main observations drawn from the experiments under hot conditions are listed below: 

• A rough estimation of the lateral fuel dispersion coefficient gives values in the order 

of 10
-3

 m
2
/s. 

• The fuel particles studied are traceable during approximately 3-5 min. 

• The tendency of the particles to float on the dense bed surface is roughly estimated 

to 50% of the time.  

• No clear dominance of the bubble paths on the bubble flow is observed from bubble 

eruption at the dense bed surface.  

• At the dense bed surface, the erupting bubbles are large but the splashing of bed 

material is moderate.  

• Regions with absence of bubble eruptions can be identified. 

• Fuel particles gather in a region which was later shown to correspond to the location 

of a blocked nozzle.  
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Results show that the method is able of tracking individual fuel particles on or above the 

surface of a hot fluidized bed but requires further development both in probe design, 

camera properties and analysis methodology. Combining the visual observations of the fuel 

dispersion with simultaneous temperature and/or gas concentration measurements 

represents a tool for unveiling further aspects of fluidized bed operation.  

 

5 Modeling of lateral fuel mixing  
The apparently random movement of fuel particles at a macroscopic scale sets the basis for 

different modeling approaches of the horizontal solids mixing. 

5.1 Diffusion-type modeling 

As discussed in Paper II, earlier works on fuel dispersion [58-65, 67] chose to use the 

principles of molecular diffusion in order to describe the horizontal solids mixing at a 

macroscopic scale. With the assumption of isotropic mixing, the fuel mixing process can be 

quantified by the dispersion coefficient, D, and described with the diffusion equation, i.e.  

 ���� = ��� �� ���� + ��� �� ���� = ��� = �� ≠ ���, � ! = �" #�$���$ + �$���$% (2) 

 

In the discussion on the suitability of this approach given in Paper II it is concluded that the 

diffusion-type model should be avoided in cases where the bed geometry only allows for the 

establishment of a few solids mixing cells or the dispersion rate is low (i.e. a high Damköhler 

number). The diffusion-type model cannot in any case correctly represent the meso-

structure of the fuel concentration observed in the experiments as shown in Fig. 10. 

5.2 Monte Carlo modeling 

As discussed in Paper II, the establishment of preferred bubble paths with corresponding 

solids mixing cells allows for the horizontal fuel mixing to be considered as a stochastic 

process at a macroscopic scale. Using a Monte Carlo modeling approach, the time-evolution 

of the average fuel concentration in each mixing cell can be simulated. In contrast to the 

diffusion model, such a macroscopic model is suitable also in cases with limited number of 

mixing cells, but the main advantage is that such a model can be further developed by 

incorporating sub-models describing the intra-cell mixing pattern, i.e. the mesoscopic scale. 

 

The dominating fuel mixing mechanisms at the macroscopic scale are emulsion drifting and 

splashing. Thus, the lateral transport of fuel particles between mixing cells is assumed to 

occur either above the dense bed surface (splashing) or through exchange of bed material 

between adjacent vortices (emulsion drifting). However, the solids changing mixing cell in 

each bubble rise cycle is only a fraction of the solids inventory in the mixing cell. The fraction 

of fuel particles remaining in their respective mixing cell is described by the mixing cell 

factor, α є[0,1], which is a physical parameter determined by the intra-cell mixing behavior.  

 

Assuming mixing to be isotropic and the particles to travel only between neighboring cells (in 

a domain divided into square cells) yields a probability factor, P, equal to ¼ in the 2-

dimensional case. The change in fuel concentration in an arbitrary cell at a given time step is 



15 

 

given by Eq. 3 and outlined in Fig. 16. Since the change in concentration is time-dependent, 

the model has to be solved dynamically starting from given initial conditions. At cell 

boundaries neighboring with walls, the mass flow is obviously set to zero, effectively 

increasing the mixing cell factor in these cells. 

 ��,&'() = ��,&' * + +��,-,&' + ��(-,&' + ��,&,-' + ��,&(-' ./�1 − *  (3) 

 

 
Figure 16: Illustration of the mass balance between an arbitrary cell and its 

neighboring cells at a given time step in the 2-dimensional Monte Carlo model. 

 

To illustrate the ability of the proposed Monte Carlo model (Eq. 3) to describe the fuel 

dispersion  process, the cumulative probability distributions of the modeled data and the 

experimental measurements obtained for a batch of wood chips in a cold 1.44 m
2
 unit 

through DIA (experiment described above) are compared in Fig. 17. The Monte Carlo model 

requires inputs on the mixing cell factor (α), the time between bubble cycles (τ) and the 

number of mixing cells established in the domain (N). Note that in the present case, the fuel 

mixing is anisotropic, i.e. the cell is rectangular and not quadratic since the spacing between 

the nozzles is unequal in the different directions. Thus, the fuel dispersion modeling is 

described with two separate mixing cell factors (αx and αy, respectively) for the different 

coordinates. In this work, mixing cell factors in the range of 0.87 – 0.97 are obtained 

experimentally (see Paper II for more details). In the case shown in Fig. 17, the number of 

mixing cells equals the number of nozzles (confirmed by video-recordings of the dense bed 

surface). 
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a) Experimental (wood chips, u/umf=5) b) Monte Carlo simulation (αx= 0.96, αx= 0.97, τ=0.66sec) 

Figure 17: Cumulative probability distribution of observations at t50. 

 

The relation between the physical parameters connected to the Monte Carlo model (mixing 

cell dimensions, time between bubble cycles (τ) and mixing cell factor (α)) and the dispersion 

coefficient used in the diffusion-type modeling approach, is derived in Paper II, yielding 

(under the assumption of isotropic mixing at a macroscopic scale): 

 

�" =  23$
2∆� = 6∆23$ = Δ8$

2 9 = 8$�::;
4= �1 − * > ?@AB  (4) 

 

The proposed Monte Carlo model is found to provide a satisfactory transient description of 

the fuel dispersion at a macroscopic scale and represents a first step towards establishing a 

model describing the fuel mixing as function of the operational conditions, geometry, fuel 

and bed solid properties. However, more work is required to complement this Monte Carlo 

model with sub-models describing the intra-cell mixing behavior and, thus, replacing the 

experimental values for the time between bubble cycles (τ) and mixing cell factor (α) with 

semi-empirical expressions. That is, however, beyond the scope of this thesis. 

 

6 Conclusions 
This thesis shows that the horizontal bubble flow distribution and the fuel mixing process are 

closely linked. It is shown that under operational conditions representative for boiler 

operation the bubble flow forms main bubble paths, to which solids mixing cells are 

connected. The heterogeneity of the lateral bubble flow distribution decreases as the gas 

velocity or gas-distributor pressure drop increases or the bed height decreases. 

 

Fuel tracking measurements in the 1.44 m
2
 bed give fuel dispersion coefficients in the order 

of 10
-3

 m
2
/s. It is concluded that the use of diffusion-type models for the description of 

horizontal fuel mixing should be avoided, especially in cases where the solids flow pattern is 

in the same scale as the bed width or in cases with relative low dispersion rate, i.e. in cases 

with a high Damköhler number. 

 

A Monte Carlo-based model for the lateral fuel dispersion is proposed which yield a good 

agreement with the fuel mixing experiments at the macroscopic scale. The model requires as 
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input data physical parameters such as bed characteristic frequency, the mixing cell factor 

and mixing cell dimensions.  

 

7 Future work 
Further experimental work is required to confirm the above conclusions under a wider range 

of operational conditions. The present work is limited in that it only concerns the mixing of 

the fuel particles and it would be of value to perform simultaneous measurements of the 

dispersion of fuel particles and the bed solids. The particle tracking technique implemented 

under hot conditions through a camera probe needs further development to yield video 

recordings suitable for automated digital image analysis. 

 

Further development of the macroscopic Monte Carlo-based model for fuel dispersion 

through intra-cell modeling would allow for a description of the fuel mixing process at the 

mesoscopic scale. The intra-cell model should be based on the underlying physical 

phenomena to replace the mixing cell factor and probability factor. This would represent a 

further development towards the establishment of a model which uses as inputs only the 

operational parameters of the fluidized bed boiler. 

 

8 Notation 
Α mixing cell factor [-] 

C Concentration [kg/m
2
] 

Da Damköhler number [-] 

D dispersion coefficient [m
2
/s] 

G gravitational constant [m/s
2
] 

H0 static bed height [m] 

Hmf bed height at minimum fluidization [m] 

kdispersion mass transfer coefficient [m/s] 

lnozzle distance between nozzles [m] 

∆lk cell size [m] 

L characteristic length [m] 

λk average displacement [m] 

N number of cells [-] 

∆pdist pressure drop across distributor [Pa] 

P probability factor [-] 

σ
2
 variance   

Τ time between bubble cycles [s] 

τdispersion characteristic time of dispersion [s] 

τconversion characteristic time of conversion [s] 

U fluidization velocity [m/s] 

umf minimum fluidization velocity [m/s] 
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ABSTRACT  
 
In a first step towards investigating the horizontal fuel mixing in fluidized bed (FB) 
boilers, this work applies digital image analysis to study the bubble flow properties in a 
2-dimensional FB unit. The work investigates the influence of fluidization velocity, bed 
height and gas-distributor pressure drop on the volume fraction and horizontal 
distribution of bubbles. 
 
INTRODUCTION 
 
The performance of large-scale fluidized bed (FB) boilers strongly depends on the fuel 
mixing and fuel-gas contact. Bubbles govern the in-bed solids (and thereby fuel) mixing 
pattern and as they erupt at the bed surface they throw solids across the bed surface 
(1). Solids mixing in FB units is higher in the vertical than in the lateral direction and, 
thus, the latter being critical for the overall fuel mixing. Important for modeling and 
scale up of FB boilers is the ratio between the characteristic times for horizontal fuel 
dispersion and fuel conversion.  
 
Pallarès et al. (2) studied fuel mixing patterns in a cold 2-dimensional FB unit, showing 
that under operational conditions similar to those in FB boilers the fuel flow pattern is 
structured in horizontally-aligned vortices, as exemplified by Fig. 1a. This pattern is 
induced by the formation of stable bubble paths through the bed. Thus, there is a clear 
and strong correlation between the fuel mixing pattern and rate and the bubble flow 
distribution. This is seen from Fig. 1, where the location of bubble paths identified in 
Fig. 1b (around x=0.2 and x=1 m) coincides with the symmetry axes of the flow vortices 
in Fig. 1a for a case run at similar operational conditions. However, there is no 
correlation available between the horizontal bubble flow distribution and fuel mixing 
pattern in large scale FB boilers.   
 
Bubble paths are formed by the fact that a bubble, creating a low-pressure path, is 
followed by other bubbles flowing through the bed. Stable bubble paths have been 
observed in large-scale FB units and units with low pressure drop distributors (2-4). 
The formation of bubble paths means that the bubble flow is unevenly distributed in the 
horizontal direction, as seen in Fig. 1b. Bubble flow properties depend on the 
operational conditions and in order to be able to improve FB boiler performance it is 
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important to understand the influence of operational conditions on the bubble flow. FB 
boilers operate at fluidization velocities far higher than the minimum fluidization velocity 
and with relatively low gas distributor pressure drops which promotes large bubbles of 
an exploding type. Such conditions influence the gas flow distribution in the boiler since 
the gas flow is considerably higher than what corresponds to the visual bubble flow. A 
significant fraction of the gas flow passes the dense bed as so-called throughflow 
following the bubble paths (5, 6). 
 

  

a) Fuel mixing flow pattern. Tracer concentration 
(gray field) and tracer velocity (vector plot). From 
Pallarès et al. (2) with permission, H0 = 0.33 m, u = 
0.7 m/s, k = 1046 Pa*s

2
/m

2
. 

b) Time-averaged bubble density (gray field) and 
bubble flow distribution profile (curve). From 
present work, explanation further down. H0 = 0.4 m, 
u = 1.0 m/s, k = 1046 Pa*s

2
/m

2
. 

Figure 1: Comparison between the fuel mixing flow pattern (17) and the horizontal bubble flow 
distribution (present work), both indicating preferred bubble paths at about 0.2 and 1 m. 

 
Lim et al. (7) were the first to use Digital Image Analysis (DIA) to study bubble 
properties in 2-dimensional fluidized beds. This work was followed by other studies 
which further developed the use of the DIA technique for studies of hydrodynamics and 
bubble properties in FB units (8-14). DIA allows for studies of both the transient 
behavior and the spatial distribution of bubble properties. Sequential analysis of video 
frames reveals fluctuations and distributions of properties which, using other 
measurement methods can only be measured as time, or space-averaged values. An 
obvious drawback of DIA is, however, its limitation to 2-dimensional beds. The aim of 
this work is to apply a DIA method to study the influence of key operational parameters 
(dense bed height, fluidization velocity and gas distributor pressure drop) on the bubble 
flow distribution under operating conditions representative for FB boilers. 
 
THEORY 
 
The modified two-phase flow model (see Johnsson et al. (5) and references therein) 
divides the gas flow through the bed into three parts: a minimum fluidization flow which 
is assumed to flow in the solids emulsion under minimum fluidization conditions, a 
visible bubble flow and a gas throughflow flowing at a relatively high velocity through 
and between the bubbles. The last term made it possible to close the gas mass 
balance. For fluidization velocities much higher than the minimum fluidization velocity, 
the throughflow becomes the dominant part of the flow. As a result of increasing 
throughflow, a dense bed can be maintained at fluidization velocities several times that 
of the terminal velocity of the bed solids (6 and references therein).  
 



 

 

Using the fact that the pressure gradient (proportional to the bed voidage, as 
expressed by Eq. (1)) in a freely bubbling bed is independent of the vert
the bed, a model for the bed expansion was derived by Johnsson 
the emulsion to remain under minimum fluidization conditions, 
bed voidage, εb, is calculated as the weighted sum of the voidage in t
expressed by Eq. (2).  
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where δb is the time-average bubble fraction
 
EXPERIMENTS 
 
The DIA method was applied to a 2
front wall, schematized in Fig. 2. The riser is 1.2 m wide with a depth of 0.02 m and a 
height of 2.05 m. The front wall is made of Plexiglas, allowing visual observations of the 
bubble flow. The bed was illuminated from the front with four h
The bed particles were glass beads with a narrow particle size distribution with an 
average particles size of 330 µm and a density of 2
bed material in boilers. The particles belong to group B in t
a minimum fluidization velocity of 0.12 m/s and terminal velocity of 1.76 m/s (ambient 
conditions). The two gas distributors used in the experiments are perforated plates, 
both with 2 mm I.D. holes and total hole fraction of 
the pressure drop curves shown in Fig. 3 (
and 1 046 (Pa*s2)/m2, respectively. The gas distributors are covered by a fine mesh net 
to avoid bed material to fall down into the air plenum when bed is not in operation.
 

Figure 2: The cold 2-D FB unit
experiment. Pressure taps marked with dots

 
The visible bubble flow was recorded during 2 minutes with a digital SLR camera 
(Nikon D90) with a time resolution of 0.04 s, y
increase the contrast between the emulsion and the bubble phase, the rear wall of the 
bed is coated with a black film which can be seen when bubbles span across the depth 
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Using the fact that the pressure gradient (proportional to the bed voidage, as 
expressed by Eq. (1)) in a freely bubbling bed is independent of the vert
the bed, a model for the bed expansion was derived by Johnsson et al.
the emulsion to remain under minimum fluidization conditions, εmf, the time

, is calculated as the weighted sum of the voidage in the two phases, as 

(1) GH  �  �1 1 IH  GAB  �  I
average bubble fraction 

The DIA method was applied to a 2-dimensional cold fluidized bed with 
front wall, schematized in Fig. 2. The riser is 1.2 m wide with a depth of 0.02 m and a 
height of 2.05 m. The front wall is made of Plexiglas, allowing visual observations of the 
bubble flow. The bed was illuminated from the front with four halogen lights (300 W). 
The bed particles were glass beads with a narrow particle size distribution with an 
average particles size of 330 µm and a density of 2 500 kg/m3, both similar to those of 
bed material in boilers. The particles belong to group B in the Geldart classification with 
a minimum fluidization velocity of 0.12 m/s and terminal velocity of 1.76 m/s (ambient 
conditions). The two gas distributors used in the experiments are perforated plates, 
both with 2 mm I.D. holes and total hole fraction of 2% and 9%, respectively, yielding 
the pressure drop curves shown in Fig. 3 (∆pdist = k·u2) with pressure constants 

, respectively. The gas distributors are covered by a fine mesh net 
to avoid bed material to fall down into the air plenum when bed is not in operation.

 

D FB unit used in the 
experiment. Pressure taps marked with dots 

Figure 3: ∆∆∆∆p-u curves for the gas 
distributors used in the experiments

The visible bubble flow was recorded during 2 minutes with a digital SLR camera 
(Nikon D90) with a time resolution of 0.04 s, yielding statistically reliable results. To 
increase the contrast between the emulsion and the bubble phase, the rear wall of the 
bed is coated with a black film which can be seen when bubbles span across the depth 

Using the fact that the pressure gradient (proportional to the bed voidage, as 
expressed by Eq. (1)) in a freely bubbling bed is independent of the vertical position in 

et al. (5). Assuming 
, the time-averaged 

he two phases, as 

IH (2) 

dimensional cold fluidized bed with a transparent 
front wall, schematized in Fig. 2. The riser is 1.2 m wide with a depth of 0.02 m and a 
height of 2.05 m. The front wall is made of Plexiglas, allowing visual observations of the 

alogen lights (300 W). 
The bed particles were glass beads with a narrow particle size distribution with an 

, both similar to those of 
he Geldart classification with 

a minimum fluidization velocity of 0.12 m/s and terminal velocity of 1.76 m/s (ambient 
conditions). The two gas distributors used in the experiments are perforated plates, 

2% and 9%, respectively, yielding 
) with pressure constants k of 50 

, respectively. The gas distributors are covered by a fine mesh net 
to avoid bed material to fall down into the air plenum when bed is not in operation. 
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distributors used in the experiments 

The visible bubble flow was recorded during 2 minutes with a digital SLR camera 
ielding statistically reliable results. To 

increase the contrast between the emulsion and the bubble phase, the rear wall of the 
bed is coated with a black film which can be seen when bubbles span across the depth 
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of the bed. The test matrix and operational conditions used in the experiments (given in 
Table 1) consisted of five levels of fixed bed height, corresponding to that of the static 
non-fluidized bed, H0, seven different fluidizing velocities, u, and the two above-
mentioned gas distributors. 
 
The entrance of the particle recirculation duct was found to have no significant 
influence on the bubble flow distribution. This, since measurements under bubbling 
conditions with and without the entrance of the recirculation duct blocked, gave similar 
results. Minor solids inventory losses through the cyclone during operation under 
circulating conditions were detected but are considered negligible compared to the total 
bed inventory and not to have any significant influence on the results shown here.  
 

Table 1: Operational conditions during experiments 

Particle size, dp 330 µm 
Particles density, ρs 2 500 kg/m3 
Fluidizing medium Air at 298 K  
Fluidizing gas velocity, u 0.5, 0.75, 1.0, 1.5, 2.0, 2.5, 3.0  m/s 
Fixed bed height, H0 0.2, 0.3, 0.4, 0.5, 0.6 m 
Distributor constant, k 50, 1 046 Pa,s2/m2 

 
THE DIGITAL IMAGE ANALYSIS  
 
Digital Image Analysis (DIA) requires the images, i.e. video frames, from the SLR 
camera to be of gray-scale type. Thus, color images are transformed into gray-scale 
images prior to the DIA. The principle of the DIA is to use the pixel intensity to 
discriminate between bubble and emulsion phases (13). Thus, if the pixel intensity is 
below a certain threshold value, the pixel area is assigned to the bubble phase and 
otherwise to the emulsion phase.  
 
Bubbles extending across the entire depth of the bed are easily detected due to that 
these will give rise to high contrast between the emulsion and the black rear-wall. 
Rapid moving bubbles with bed material raining from the bubble roof and bubbles not 
spanning across the entire depth of the bed give a lower contrast and are therefore 
more difficult to detect. While a too low threshold value will not detect all bubbles 
present in the image, a too high value will result in emulsion pixels erroneously 
considered as being part of the bubble phase. Hence, the selection of an appropriate 
threshold is crucial for the analysis and different methods for automatic selection of a 
threshold value have been proposed by e.g. Otsu (16) and Kapur et al. (17). The most 
commonly used methods are based on the gray-scale histogram of the image. 
However, this approach is not feasible in unevenly illuminated images with a low 
contrast, which was the case for the experiments in this work (due to blurring effects 
from rapid movements in the bed as well as uneven illumination)  
 
In this work, the discrimination of pixels is based on a double threshold method; with 
one (lower) value to determine the dense bed surface and one (higher) value to detect 
the bubbles in the bed. The maximum intensity in a pixel is obtained when that point is 
occupied by emulsion and, thus, values below this maximum indicate increased 
voidage. The threshold for the individual pixel is selected as the maximum value pixel 
obtained during the video recording multiplied by one factor for each of the two 
thresholds used. In this work, threshold values are selected in such a way that the 
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bubble fraction resulting from DIA matches that calculated from pressure 
measurements. Thresholding a gray-scale image results in a binary image, as 
exemplified in Fig. 4a. Thus, sequences of such binary images are used to calculate 
the bubble flow properties, e.g. the average bubble density in Fig. 4b.  
 
The averaged bubble fraction in each frame is determined as the fraction of bed pixel 
area appointed as bubble phase, according to Eq. (3). The time-averaged bubble 
fraction is obtained by averaging the bubble fraction obtained with Eq. (3) over the 
video recording. The horizontal bubble distribution profile is calculated according to Eq. 
(4) as the ratio of bubble pixel area along each x-coordinate compared to the total 
amount of bubble pixel area. This value is averaged throughout all frames in the video 
recording. The evenness of the horizontal bubble distribution is evaluated with the 
variance of the profile obtained, according to Eq. (5).  
 

IH �  # ∑ KLMLN-KO − KPQ%RRRRRRRRRRRRRRR
 (3) 

where 
Aj 
AI 
AFB 

 
= bubble pixel area 
= pixel area in frame 
= pixel area of freeboard 

S/|� =  ∑ SK&U�M&N-KV�'  (4) 
N 
ATot  
P 

= no of bubbles in frame  
= total bubble pixel  
= fraction of bubble pixels  

W$ = 1X Y�/� − /R $Z
�N-

 (5) 
X 
σ

2 /R 

= no of x-coordinates 
= variance of P 
= average value of P 

 

  

a) Binary image b) Time-averaged bubble density 

Figure 4: Images derived through DIA, operational conditions: High ∆p-plate, H0 = 0.4m, u = 1.0m/s 

 
RESULTS AND DISCUSSION 
 
Figure 5a shows the time-averaged bed voidage as obtained from pressure 
measurements from the centre-line pressure taps (cf. Fig. 2) using Eqs (1) and (2). The 
obtained bed voidages values are similar to corresponding measurements available in 
literature (5, 6, and references therein).  Svensson et al. (6) report lower bed voidage 
for distributors with lower pressure drop but this effect disappears for gas velocities 
above 1.8 m/s. As shown in Figure 5b, the present work also shows an influence of the 
gas-distributor pressure drop at low velocities, but this vanishes as velocity increases 
above 1 m/s, most likely due to that the velocity is sufficient to make the voidage 
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independent of distributor pressure drop. In contrast to the results of Svensson et al. 
(6) the average bed voidage obtained here is higher for lower distributor pressure drop. 
Figure 5b also shows that the voidage decreases slightly with increasing bed height 
which is in accordance with the observations made by Svensson et al. (6). 
 
It must be noted that for the lower bed heights (0.2 and 0.3 m) applied in this study, 
there are only three pressure taps within the dense bed with the upper pressure tap 
located around the dense bed surface. Thus, the calculated average voidage values 
are based on only two pressure points, i.e. making it somewhat less reliable. 
 

  

a) Values from present work (solid line with markers) 
and from literature.  

b) Bed voidage from this work for two different bed 
heights and distributor plates. 

Figure 5: Time-averaged bed voidage as a function of excess gas velocity. 

 
Figure 6 shows the horizontal bubble distribution profile obtained through the DIA for 
four different sets of operational parameters. A reference case (H0 = 0.2 m, u = 0.75 
m/s and k = 50 Pa*s2/m2) is compared with cases in which one of the operational 
parameters is increased: increased bed height (0.6 m), increased gas velocity (3.0 m/s) 
and increased gas distributor pressure drop (1 046 Pa*s2/m2). If the pressure drop 
across the distributor or the fluidizing gas velocity is increased, the bubble distribution 
evens out. The opposite effect is obtained if the bed height is increased (at constant 
velocity).  
 
Figure 7 shows the variance of the horizontal bubble distribution profile as a function of 
fluidization velocity. It can be seen that the variance decreases with gas velocity, 
increases with bed height and, to a smaller extent, decreases with increasing gas 
distributor pressure drop. A low variance indicate an even bubble distribution but a low 
variance alone is no guarantee that the entire bed is fluidized properly. For any 
combination of dense bed height and gas distributor plate there is a certain gas velocity 
above which the horizontal bubble distribution becomes even. 
 
Uneven bubble distributions were obtained at low gas velocities, regardless of 
distributor and bed height (not shown here), i.e., at low velocities, none of the plates 
provides a pressure drop high enough to ensure an even bubble distribution, not even 
for the lowest bed height. Hence, if the gas distributor pressure drop is low, which is 
common in industrial boilers, and the aspect ratio of the bed is low enough not allowing 
single bubbles to grow so that they occupy the entire width of the bed, then the bubble 
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flow distribution is uneven at low velocities. For high gas velocity the gas distributor 
pressure drop increases and the bubble distribution evens out. Thus the impact the 
presence of a bubble has on the gas flow depends on the relative pressure drop across 
the distributor plate and the bed. 
 
If the relative pressure drop across the distributor increases, then the horizontal bubble 
distribution evens out. Decreasing the relative pressure drop across the distributor, 
promotes an uneven bubble distribution. Hence, the horizontal bubble distribution 
depends, as can be seen in both Fig. 6 and 7, on all the investigated key parameters. 
The gas velocity required to obtain an even fluidization of a given bed height is higher 
than for a distributor providing a higher pressure drop, see Fig. 7. This is especially 
critical for CFB boilers operating at part load (and thereby at fluidization velocities 
below the design point). Due to operational costs, the gas distributor pressure drop is 
often kept as low as possible.  
 

  

Figure 6: Bubble distribution profile as obtained 
from DIA. Reference conditions: Low ∆p-plate, 
H0 = 0.2 m and u = 0.75 m/s. 

Figure 7: Variance of bubble distribution as a 
function of fluidization velocity. Reference 
conditions: Low ∆p-plate and H0 = 0.2 m. 

 
Pallarès et al. (2) reported that the fuel mixing rate, i.e. dispersion rate, is enhanced by 
increased gas velocities and increased bed heights (at constant velocity). In this work it 
is shown that the variance of the horizontal bubble distribution is decreased by 
increasing gas velocities but that for low velocities, increasing bed heights makes the 
bubble distribution less even. This difference can be due to that a high gas velocity (2.7 
m/s) and shallow beds (0.18 m and 0.33 m) were employed and, therefore, the bubble 
flow distribution is fairly even for both bed heights investigated by Pallarès et al..  
 
Pallarès et al. (2) also report that lowering the distributor pressure drop (at constant 
velocity, 2.7 m/s, and bed height, 0.18 m) significantly reduces the solids mixing, which 
according to the results in this work should be a result from an uneven bubble 
distribution. Correlating the results for the horizontal bubble distribution from this work 
to those obtained for fuel mixing patterns by Pallarès et al. further support the 
hypothesis that the horizontal bubble distribution is of significant importance for fuel 
mixing in FB boilers, see Fig. 1.  
 
 
 

σ
2 = 0.0031 

σ
2 = 0.0038 

σ
2 = 0.0173 

σ
2 = 0.0327 
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CONCLUSIONS 
 
A digital image analysis (DIA) method has been used to study the horizontal bubble 
flow distribution in a 2D fluidized bed. The method is based on adjusting the threshold 
value in order to match the voidage resulting from the DIA analysis to that calculated 
from pressure measurements.  
 
As expected, the horizontal distribution of the bubble flow becomes more even as gas 
velocity increases, bed height is lowered and gas-distributor pressure drop is 
increased. The velocity required to obtain an even horizontal bubble distribution is 
determined by the ratio between the pressure drop across the distributor and the bed 
and for any combination of dense bed height and gas distributor plate there is a certain 
gas velocity above which the horizontal bubble distribution becomes even. Correlating 
the results from this work to those of Pallarès et al. (2) enhances the importance of the 
bubble flow distribution for the fuel dispersion.  
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Abstract 
The lateral fuel dispersion in a large-scale (1.44 m

2
 in cross section) bubbling fluidized bed at 

cold conditions has been investigated by means of particle tracking with video recording and 

subsequent digital image analysis. Two types of biomass particles (wood chips and bark 

pellets) have been used as tracer particles. Tracking of a single tracer particle has been used 

to characterize the fuel mixing patterns while tracking of batches of tracer particles has been 

used to quantify the fuel mixing through lateral dispersion coefficients.  

 

The experimental technique shows good repeatability and dispersion coefficients are found 

to be in the order of 10
-3

 m
2
/s. The lateral transport of wood chips is observed to occur 

mainly while these are submerged in the dense bed. Increased fluidization velocity 

accentuates this pattern, i.e. the share of time spent in the dense bed increases. 

Furthermore, the influence of fluidization velocity on the lateral dispersion coefficient is only 

notable for the wood chips, which is due to that these are of larger size and lower density 

than the bark particles. Finally, diffusion-type modeling of the horizontal fuel dispersion is 

discussed, concluding that such an approach is not suitable in cases with low lateral fuel 

mixing rate or with a characteristic mixing length in the same order as the lateral length 

scale of the bed. As alternative, the paper proposes a macroscopic modeling approach for 

the lateral fuel mixing, which includes physical parameters relating to the local mixing 

mechanisms (particle scattering from bubble eruption and emulsion drift sinking), 

operational conditions and fuel particle properties. The proposed model is shown to give an 

adequate macroscopic description of the lateral fuel mixing. 

 

Introduction 
Fluidized bed boilers are widely used for combustion of various types of high volatile fuels 

such as biomass and waste, either in single fuel mode or in combination with another base 

fuel (typically coal) in co-firing mode. Fluidized bed combustion is widely used at scales 

currently ranging from 30 MWth to 550 MWth (biomass-fired) and 520 MWe (coal-fired) [1]. 

Furnace cross sections can reach up to about 100 m
2
 while the number of fuel injection 

points is kept low for cost reasons [2]. It is therefore important to find operating conditions 

which lead to a sufficiently good fuel mixing ensuring that fuel is spread over the whole cross 

section of the furnace. Not only the combustion efficiency but also the allocation of heat 

release and the formation of emissions are influenced by the distribution of the released 

volatile content ([3] and references therein). In general, solids mixing rates in fluidized beds 

are higher in the vertical than in the lateral direction [4], thus making the latter critical for 

the overall fuel mixing (especially since commercial fluidized bed boilers have rather shallow 

beds with bed-height to bed-width ratios typically less than 1).  
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An important parameter for the design and scale up of fluidized bed boilers is the ratio 

between the characteristic times for lateral fuel dispersion and the different stages of 

thermal fuel conversion. This ratio can be expressed by the Damköhler number [5]: 
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A low Damköhler number (Da<<1) indicates that the dispersion rate is high enough to ensure 

a sufficient fuel distribution across the bed while a high Damköhler number (Da>>1) 

indicates insufficient lateral transport which may yield a maldistribution of the conversion 

products i.e. moisture, volatiles and char conversion products as obtained from the drying, 

devolatilization and char conversion. There is a higher risk for lateral maldistribution of 

moisture and volatiles in high volatile fuel combustion than in char combustion since drying 

and devolatilization processes take place on a much shorter time scale than that of the char 

conversion process. Operational conditions which ensure sufficient mixing (low Damköhler 

number) in a certain boiler geometry may not be sufficient when changing for example fuel 

size, type of fuel or using a boiler with different cross-sectional dimensions [3, 5, 6].  

 

In order to develop models for reliable design and scale up of fluidized-bed boilers, there is a 

need to obtain fuel dispersion data under conditions representative for industrial sized units. 

The experimental data on lateral fuel dispersion available in literature is mostly limited to 

lab-scale or 2-dimensional units or low excess velocities. Thus, the aim of the present work is 

to provide experimental data on the lateral dispersion of fuel particles in a large-scale unit 

and under conditions relevant for industrial size fluidized beds. 

 

Most models for fluidized bed boiler design and scale-up use dispersion coefficients in 

conjunction with a diffusion-type model to describe the lateral fuel mixing. In reality, lateral 

fuel dispersion is a result of an eminently convective process governed by the bubble flow. 

Thus, modeling lateral fuel dispersion in more detail requires a different modeling approach. 

The ultimate goal is to establish a model which, for a given boiler geometry, can describe 

fuel mixing as a function of operational conditions, fuel and bed-solids properties together 

with the fuel particle conversion. The present work has the aim to take a first step in such 

direction by proposing a new modeling approach for the lateral fuel mixing which is 

compared with experimental data from a large bed.  

 

Previous work 
As indicated above, mixing of solids (including fuel particles) in fluidized beds is induced and 

governed by the bubble flow [7] and thus highly convective. The fuel mixing process in a 

fluidized bed unit is often simplified by imbedding all of the mixing processes [8] (emulsion 

drift sinking, bubble wake lifting and bubble eruption scattering) in one effective lateral 

dispersion coefficient, DL, which is used in conjunction with a diffusion-like model to 

describe fuel dispersion, i.e. 

 

��
�� � �

�� ��
��
�� � �

����
��
�� � �" #�$�

��$ � �$�
��$% (2) 

 



 

3 

 

It should be mentioned that some authors have called for more detailed models 

incorporating the convective contributions to the lateral transport rate due to emulsion 

drifting [9], the return solids flow in circulating fluidized beds [10] or the net solids flux [11]. 

Also, the use of a single dispersion coefficient assumes the fuel mixing to be equal and 

constant in both lateral directions, i.e. isotropic fuel mixing, which is a reasonable 

assumption in large-scale units with uniformly spaced nozzles. However, quantifying the 

lateral solids transport through an effective dispersion coefficient yields no information 

about the physical mechanisms governing the fuel dispersion process, i.e. applying such a 

modeling approach to experimental data hardly provides any general knowledge on the 

mechanisms underlying the fuel mixing. Despite previous investigations on the influence of 

bed geometry [12, 13], operational conditions [6, 7, 12-21] and fuel particle properties [6, 7, 

14, 16, 20, 21] on the fuel mixing, the connection between the dispersion rate and these 

parameters still remains an open question.  

 

Pallarès et al. [6] showed that under operational conditions representative for fluidized bed 

boilers the fuel flow pattern is structured in horizontally-aligned vertical vortices with 

alternating rotational directions. This is exemplified in Fig. 1, where two bubble paths 

located at x=0.2 m and x=1.0 m can be identified. These vortices are assumed to be cross-

sectional cuts of corresponding toroidal structures formed in 3-dimensional geometries. The 

rapid vortex up-flows are located along bubble paths while down-flow regions encompass 

the adjacent emulsion phase slowly drifting downwards when compensating for the solids 

lifted by bubbles. A similar flow pattern was found for all fluidization velocities and bed 

heights investigated both in 1.2 m and 0.4 m-wide beds ([6] and [20] respectively).  

 

 

Each main bubble path creates a solids mixing cell around itself, corresponding to a pair of 

vortices in 2-dimensional geometries, as exemplified in Fig. 2. In each cell, the mixing 

mechanisms of bubble wake mixing, emulsion drift sinking and bubble eruption scattering at 

the dense bed surface are present and the net lateral solids transport is the result of solids 

exchange between different cells. The number of mixing cells and their lateral position is 

determined by the location of the main bubble paths, which is a function of operational 

conditions, properties of the bed material and gas distributor design [22-25]. 

 

 
Figure 1: Fuel mixing flow pattern. Tracer concentration (gray field) and tracer mean 

velocity (vector plot). (H0 = 0.33m, u = 0.7m/s). From [6]. 
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A significant amount of experimental work on solids mixing in fluidized beds is available in 

literature. The literature surveyed is limited to works regarding particles belonging to group 

B according to Geldart’s classification [26], i.e. the same Geldart group as solids in fluidized 

bed boilers. The work can generally be divided into two groups: 

i) Mixing of solids with similar size and density  [8, 9, 27-37] 

ii) Mixing of solids with different size and/or density [6, 7, 10, 12, 14-21, 38-41] 

 

Fuel mixing investigations belong to category (ii). Early work on solid mixing in fluidized beds 

is, due to the use of small units, focused on the axial (vertical) mixing direction. The lateral 

mixing in shallow beds is critical for the overall fuel dispersion, especially in large-scale units, 

but investigations focusing on lateral fuel mixing in large-scale units are scarce [13, 16, 39]. 

Investigations in small-scale units are of limited relevance since most experimental works on 

fuel mixing in fluidized beds carried out under cold conditions and in small beds do not apply 

scaling laws for conservation of the fluid-dynamical patterns with the exception of Bellgardt 

et al. [17], who used the scaling conditions proposed by Reh [42] for the operational 

conditions when studying fuel mixing at ambient conditions in a 2-dimensional (2.0x0.3 m
2
) 

unit.  In addition, experiments in 2-dimensional geometries obviously only give qualitative 

results due to the influence of wall-effects.  

 

Through numerical modeling, Liu and Chen [13] showed that the dispersion coefficients for 

fuel and bed solid particles deviate from each other. Comparisons between experimental 

results for the lateral dispersion coefficient without regard for the type of particle for which 

the coefficient has been derived, i.e. bed or fuel, are therefore likely to show a wide-

scattered data. Although the works concerning the experimental estimations of the lateral 

dispersion coefficient available in literature listed in Table 1 study fuel dispersion, the 

reported values show a spread of several orders of magnitude. 

 

The most common strategy for determining the lateral fuel dispersion coefficient is based on 

indirect estimation by fitting a diffusion model (Eq. (2)) to experimental data [12, 14-18, 39]. 

As an alternative, direct estimation of the lateral fuel dispersion coefficient has also been 

implemented in fluidized bed systems [6, 20] through an expression proposed by Einstein 

[43]: 

 

�� � 2�$
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Figure 2: Solids mixing pattern in a large-scale  geometry as a result of several 

horizontally-aligned mixing cells corresponding to respective main bubble paths. 



 

 

Table 1. Experimental work estimating the lateral fuel dispersion coefficient  

Ref. Technique Steady 
state / 
Transient  

Hot / 
cold 

CFB/ 
BFB 

Tracer Bed size 
[m] 

Static bed 
height [m] 

u/umf Single
/Batch 

Disp. coeff. [m2/s]* Limitations 

This 
work 

Particle tracking Transient Cold BFB Fuel + 
phosphorescent 
capsule 

1.44 m2 0.4 5 – 7.5 Batch 0.34 – 0.94 x 10-3 Cold conditions 
Discontinuous tracking 

[39] Gas conc. Steady 
state 

Hot BFB Wood chip 1.4 x 1.4 0.5 13.5 Cont.  0.1 Indirect measurement  
Low spatial resolution 

[16] Solids conc.,  
defluidized-
sampled-sieved 

Transient Cold BFB Coal 2.6 x 1.6 0.25 – 0.35 1.08 – 1.63 Batch 0.8 – 12 x 10-3 Low u/umf 

Technique distort 
concentration profile 

[17] Gas conc. and 
temp. profile 

Steady 
state 

Cold BFB Sublimating 
CO2 

2.0 x 0.3 0.4 – 0.8 1.4 – 4.4 Cont. 0.6 – 2.5 x 10-3 Semi-2D 
Group B/D particles 

[18] Gas conc. and 
temp. profile 

Steady 
state 

Cold BFB Sublimating 
CO2 

2.0 x 0.3 0.4 – 0.8 1.2 – 4.3 Cont. 0.7 – 2.5 x 10-3 Semi-2D 
Group B/D particles 

[6] Continuous particle 
tracking  

Steady 
state 

Cold BFB Phosphorescent 
capsule 

1.2 x 0.02 0.18 – 0.33 5.8 – 29.2 Single 0.31 – 4.24 x 10-2 2D 

[20] Continuous particle 
tracking  

Steady 
state 

Cold BFB Phosphorescent 
capsule 

0.4 x 0.02 M: 1.5 – 7 
kg 

3.3 – 14.5 Single 0.14 – 2.06 x 10-2 2D 

[14] Solids conc.,  
continuous sampling 

Transient Cold BFB Coal 0.9 x 0.15 0.16 – 0.30 2 – 5 Batch 0.3 – 2.2 x 10-3 Semi-2D 

[15] Gas conc.  Steady 
state 

Hot BFB Pine-seed 
shells 

Ø 0.37 0.5 3.8 Cont. 0.01 (fed under bed) 
0.1(fed over bed) 

H/L > 1 (tall bed)  

[10] Gas conc. and 
temp. profile  

Steady 
state 

Cold CFB Sublimating 
CO2 

1.0 x 0.3 0.8 128 Cont. 0.12 Semi-2D 
 

[12] Solids conc.,  
continuous sampling 

Transient Cold CFB Mung bean 2.5 x 0.15 
tapered 

- 5.3 – 13.2 Batch 0.009 – 0.14 
(symmetrical) 
0.04 – 0.40 

(unsymmetrical) 

Semi-2D 
Aspect ratio not available 
 

[38] Residence time 
distribution 

Transient Cold Cross-
flow FB 

Lignite (brown 
coal) 

0.3 – 0.5 x 
0.1 

0.05 104 – 197 Batch 0.4 – 1.6 x 10-3 Unconventional bed 
design 

* Some values have been read from figures  
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The use of a diffusion-type model (Eq. (2)) and Einstein’s equation (Eq. (3)) is based on the 

analogy made between gas diffusion and lateral fuel mixing in fluidized beds, in which a fuel 

particle is analogous to a diffusing gas molecule randomly traveling in a continuous isotropic 

environment. Application of a diffusion-type model for the lateral macroscopic fuel transport 

is only suitable if the length scale of the geometry studied is significantly larger than the 

characteristic length scale of the lateral mixing so that the modeled domain can be regarded 

as a continuum. In a fluidized bed, the mixing length scale is represented by the horizontal 

size of a mixing cell (explained above), which means that the validity of the assumption of a 

continuum is far from valid in fluidized bed units where only one or two mixing cells are 

established (related to the main bubble paths).  

 

At a mesoscopic scale, the fuel distribution varies over the mixing cell width, i.e. fuel 

concentrations are higher at the edges of the mixing cells (between the bubble paths) and 

lower at the mixing cell center [6], as illustrated by the dashed line in Fig. 3. The continuous 

description given by a diffusion-type model is unable to describe this variation and therefore 

limited to describing the fuel distribution at the macroscopic scale, which is represented by 

the solid line in Fig. 3.   

 

Also included in Fig. 3 as vertical bars (each representing one mixing cell) is a macroscopic 

modeling approach providing the average fuel concentration at each mixing cell.  Such a 

macroscopic model can be applied also for limited number of mixing cells (in contrast to the 

diffusion approach). However, the main advantage of such a macroscopic model is that it 

can be further developed by incorporating sub-models describing the intra-cell mixing 

pattern. 

 

 
Figure 3: Illustration of the real fuel distribution (mesoscopic level) compared 

to those described by a diffusion model and a model based on mixing cell 

averaging. 

 

Modeling procedure in this work 
At a macroscopic scale, horizontal fuel mixing can be considered as a stochastic process by 

assuming the fuel particles to randomly jump between adjacent mixing cells. Using a Monte 

Carlo model, the solids mixing can be simulated as a function of time once the phenomena 

governing the particle’s motion have been established.  

 

Solid mixing in fluidized beds is dominated by three mechanisms: wake mixing, solids 

scattering and emulsion drift sinking [8]. Since wake mixing has limited lateral influence [44], 
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the lateral transport of fuel particles between mixing cells is assumed to occur mainly as a 

result of scattering of particles from bubble eruptions (above the dense bed surface) or 

through exchange of bed material between adjacent vortices during emulsion drift sinking 

(within the dense bed). Emulsion drift sinking compensates for the mass of particles lifted by 

the bubbles, as illustrated in Fig. 4. The solids changing mixing cell in each bubble cycle, i.e. 

each time a bubble passes through the mixing cell, is only a fraction of the solids inventory in 

the mixing cell. Thus, a fraction of the solids thrown into the freeboard when the bubble 

erupts are assumed to return to the cell from which they originated. Also, a fraction of the 

particles undergoing emulsion drifting remain in the mixing cell. The fraction of fuel particles 

remaining in the mixing cell is described by the mixing cell factor, α є[0,1], which is a physical 

parameter determined by the intra-cell mixing behavior, bubble properties and fuel particle 

properties. In present work, the mixing cell factor is used as a fitting parameter estimated 

from experimental data.  

 

 
Figure 4: Lateral solids mixing mechanisms; (A) scattering of particles due to bubble 

eruptions and (B) exchange of material between adjacent vortices (drift sinking). 

 

Dividing the domain into square cells, the mixing pattern is simplified by assuming the 

particles to travel only between cells with connecting sides, i.e. no transport diagonally 

between cells. Assuming the probability for the particle to jump into any of the neighboring 

cells to be equal (isotropic mixing) yields a probability factor, P, equal to ½ and ¼ in a 1- and 

2-dimensional case, respectively. The change in concentration (i.e. probability of 

observation) of fuel particles in an arbitrary cell at a given time step is given by Eq. (4). At cell 

boundaries neighboring walls, the mass flow is obviously set to zero, effectively increasing 

the mixing cell factor in these cells.  

 

��,&'() � ��,&' * �  +��,-,&' + ��(-,&' + ��,&,-' + ��,&(-' ./�1 − *  (4) 

 

The mixing mechanisms governing the fuel exchange between mixing cells repeats with a 

frequency determined by the bubble flow in the bed. The time between bubble cycles, τ, is 

determined by the characteristic bubble frequency, fb, in the bed [45]: 

 

�H � 1= > ?@AB =  1� (5) 
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With this, the mean residence time a fuel particle spends in each mixing cell (called average 

jump time, tm) is described as: 

 

�A � ∑ +�1 − * *�,-M\]�.�̂N- M\  = ⋯ =  ��1 − *  (6) 

 

Einstein’s equation (Eq. (3)) expresses the dispersion coefficient as a function of the average 

displacement of the particles after a given time interval but can also be expressed as the 

average time it takes the particles to travel a given distance. In the model presented here, 

the time required for the particle to travel between mixing cells, i.e. a distance equal to the 

mixing cell size, is the average residence time in a mixing cell, expressed by Eq. (6). The 

mixing cell size, ∆lk, is determined by the number of mixing cells, Nk, which in turn is 

determined by the location of the main bubble paths. In shallow beds, the main bubble 

paths are centered above the nozzles, yielding a number of mixing cells equal to the number 

of nozzles. Note that for higher dense beds, bubble coalescence may modify the number and 

location of main bubble paths. 

 

This yields, for dispersion along one axis, an expression for the dispersion coefficient based 

on the physical parameters connected to the Monte Carlo simulation (α, τ and ∆l), i.e.  

 

�3 �  23$
2∆� =  ∆83$2�A =  ∆83$2� �1 − *3  k = x,y  (7) 

 

Combining equations (5), (6) and (7) yields an expression (Eq. (8)) for the lateral fuel 

dispersion coefficient that depends on the mixing cell factor (α), the bed height at minimum 

fluidization (Hmf), the lateral bed size (L) and the number of mixing cells (Nk) established in 

the bed:  

 

�3 �  �3$
2= 3̀$ �1 − *3 > ?@AB k = x,y (8) 

 

Which, for shallow beds without significant lateral bubble coalescence turns into: 

 

�3 �  8�::;
$
2= �1 − *3 > ?@AB k = x,y (9) 

 

Thus, under isotropic horizontal mixing in a 2-dimensional domain with regular distribution 

of bubble paths, the corresponding lateral dispersion coefficient can be expressed as:  

 

�" �  23$
2∆� = aΔ�$ = 2∆23$b = 8$�::;
4= �1 − * > ?@AB  (10) 

 

Thus, with reasonable values of the mixing cell factor, α, and knowledge on the main bubble 

paths location, the lateral fuel dispersion coefficient can be estimated. 
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Experiments 
Experiments have been performed under ambient conditions in the bubbling fluidized bed 

(1.44 m
2
) of the Chalmers indirect gasifier (2-4 MWth). Thus, the gasifier bed has been used 

as large-scale fluidized bed for fuel dispersion tests (i.e. this study is otherwise not directed 

towards gasification). This work uses a particle tracking technique similar to that presented 

by Pallarès et al. [18], i.e. tracking of phosphorescent tracer particles in a dark environment 

with subsequent digital image analysis (DIA). A CCTV camera with a fish-eye lens in a cooled 

protective capsule is mounted in the roof of the reactor (Fig. 5) recording the bed surface at 

a rate of 25 frames/second. The tracer particles used are biomass particles (wood chips and 

bark pellets, see Table 2) to which small phosphorescent plastic capsules were attached. The 

tracer particles are fed through a sampling port at the base of the fuel chute, either as a 

single tracer particle or as batch (consisting of 14-20 particles). 

 

 
Figure 5: Illustration of the position of the camera and of the fuel feeding location 

in relation to the bed surface 

 
Table 2. Characteristics of the tracer fuel particle (on average) 

Fuel particle Shape Dimensions [mm] Volume [m
3
] Density [kg/m

3
] 

Wood chip Hexahedric 32.5 x 32.5 x 4.4 4.5x10
-6

 523.5  

Bark pellets Cylindric 21 x 8.0 1.1x10
-6

 1178.6 

 

The bed was fluidized with air supplied via tuyere-type nozzles. Silica sand with a narrow size 

distribution centered at 150 µm and a density of 2600 kg/m
3
 was used as bed material. The 

minimum fluidization velocity and the terminal velocity at present operational conditions 

(343K and 1atm) are calculated to 0.02 m/s and 0.92 m/s, respectively. Due to limited fan 

power and the relative low pressure drop across the nozzles, a relatively small particle size is 

necessary to ensure good fluidization over the entire bed cross section (i.e. high enough 

excess superficial velocity). The experimental conditions are given in Tables 3 and 4.  

 

Table 3. Operational conditions 

Table 4. Number of test runs for single and batch 

experiments for each fuel and fluidization 

velocity 

Initial bed height 0.4  m 

Particle size 150 µm 

Particle density 2 600 kg/m
3
 

Fluidizing medium Air   

Temperature 343 K 

umf 0.02 m/s 

ut 0.92 m/s 

Fluidization velocity 0.10 – 0.15 m/s 
 

 Wood Chip Bark pellets 

Case 1 

Fluidization velocity: 0.10 m/s (u/umf = 5.0) 

Single particle 3 0 

Batch 1 1 

Case 2 

Fluidization velocity: 0.15 m/s (u/umf = 7.5) 

Single particle 24 0 

Batch 3 2 
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The unit is operated at two levels of excess flow (0.08 m/s and 0.13 m/s). In spite of the 

moderate difference in fluidization velocity, this corresponds to an increase in excess flow of 

nearly 63%. The initial bed height was kept at 0.4 m throughout this study. No scaling of 

operational conditions or solids (inert or fuel) is applied in this work. Yet, Geldart group B 

solids are used as inert bed material and the bed dimensions are large so it is considered 

that the overall process should mimic that of typical industrial boiler conditions. 

 

The tracking technique employed limits the interface for data collection to the domain 

above the dense bed surface, making continuous tracking of individual tracer particles 

impossible as tracers regularly immerse in the dense bed. The particle tracking data is 

obtained through the sequential analysis of the digital video frames. Each observation 

corresponds to a frame in which tracer particles illuminate an area of the image. Thus, the 

method does not allow distinction between closely located particles, preventing tracking 

individual particles during batch tests (as is possible in the single-particle tracking). Despite 

this, batch trials provide more statistical data than single particle tracking, thus, making 

experimental evaluation of the lateral mixing more time efficient. However, single-particle 

tracking is important, since these yields information about the tracer trajectory and mixing 

patterns which cannot be obtained through batch tests. 

 

Phosphorescent tracers have a limited phosphorescence time. As advantage, once the 

phosphorescence has ceased to emit light, a new trial can be initiated without the need to 

remove the tracer particles or compensating for interference from previous trials. However, 

the decay in phosphorescence also entails the drawback of a decaying observation 

frequency with time, as exemplified in Fig. 6.  Due to the limitations in data collection (i.e. 

decaying observation frequency), the single-tracking experiments do not generate enough 

data for a statistically stable estimation of the lateral dispersion coefficient, thus, values 

reported here are based on the batch experiments. 

 

 
Figure 6: Cumulative observations for a batch of 15 wood chips at u/umf = 7.5 

 

Based on the nozzle arrangement, the bed surface is divided into 12 x 5 mixing cells and, in 

each frame, those cells containing illuminated pixels are used to determine the lateral fuel 

dispersion coefficient with Einstein’s equation [43], i.e. 
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An unrestricted 2-dimensional geometry where the fuel mixing is isotropic, i.e. the average 

displacement (λ) is equal in both lateral directions, yields Dx=Dy and thus a global dispersion 

coefficient, DL, can be used, as in Eq. (2). However, the spacing between the nozzles is 

different in each horizontal direction, thus leading to some degree of anisotropy in the 

lateral mixing. Having this, the lateral fuel dispersion analysis is performed with separate 

dispersion coefficients in both directions, i.e. Dx and Dy.  

 

Applying Eq. (11), to the recordings of batches of tracer particles, the lateral dispersion 

coefficient as a function of elapsed time can be calculated, as exemplified in Fig. 7a. The 

fluctuation of the calculated dispersion coefficients in Fig. 7 is due to the random movement 

of the tracers. The amplitude of the fluctuations depends on the cell size. In order to 

minimize the influence of the fading in the phosphorescence effect over time (Fig. 6), the 

experimentally determined dispersion coefficient is taken by averaging the dispersion 

coefficient values over the period between the times for which 10% and 50% of the total 

amount of observations are made, as exemplified in Fig 7b. In order to exclude wall effects, 

for those trials in which the particles reach the wall at a time before t50 (tx and ty for each 

wall, respectively), t50 is taken as tx or ty. 

 

a)  b)  

Figure 7: Lateral dispersion coefficient as a function of elapsed time for a batch of 15 wood chips at u = 

0.15 m/s. a) Dx, Dy as a function of elapsed time. b) Dx vs. time [0.2 – 7 min] with t10, tx and t50 marked 

with dotted lines and the interval for estimating Dx indicated. 

 

Results and discussion  
Figure 8 exemplifies the monitored tracer particle trajectory above the dense bed surface of 

a wood chip tracer at two different fluidization velocities. The locations on the bed surface in 

which the tracer particle is observed are to a large extension limited to the areas in between 

air nozzles (i.e. in between bubble paths) at the low velocity, i.e. u/umf = 5 (Fig. 8a). As the 

fluidization velocity is increased to u/umf = 7.5, the tracer particle adopts a mixing pattern in 

which the particle’s movement on the bed surface is less defined by the locations of the 

main bubble paths which becomes more difficult to identify from the tracer trajectory (Fig. 

8b). Also, the observations of the tracer particle are more scattered over the bed surface.  
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An increased tracer concentration in the areas between nozzles at low fluidization velocity 

has earlier been reported by Pallarès et al. [6] (see Fig. 1). In this work, the low pressure 

drop across the air nozzles combined with a fairly low fluidization number (u/umf=5) 

promotes the formation of clearly defined bubble paths located above the nozzles 

(confirmed through visual inspection of the dense bed surface). The formation of bubble 

paths where bubbles rise with little lateral interaction explains the tendency of the tracer to 

populate the bed surface regions between nozzles. The particle trajectory at the lower 

fluidization velocity (u/umf=5) also indicates that the bubbles rising through the bed are not 

large enough to throw the tracer particle longer distances across the bed surface but rather 

push the particle slightly aside, not necessarily forcing it out of the mixing cell and without 

burying it beneath scattered bed material.  

 

At the higher fluidization velocity (u/umf=7.5) bubble paths locations are also observed in line 

with nozzle locations. Thus, the increased gas flow does not entail a change in number or 

location of mixing cells established in the bed. However, the increased fluidization velocity 

entails a change in mixing behavior, with the monitored trajectory of the tracer particle 

being discontinuous, i.e. indicating that the particle frequently submerges in the bed but also 

that the particle does not perform long lateral jumps across the bed surface as bubbles 

erupt. The change in mixing behavior can originate from two phenomena connected to the 

increased gas flow: increased lateral interaction between bubbles which make bubble paths 

less dominant [22] and faster and larger bubbles which enhance the emulsion sinking thus 

forcing the particle to submerge with it into the bed. It should be noted that occasionally 

during the experiments some tracer particles have been observed to strand in, for example, 

defluidized regions or close to the reactor walls, regardless of fluidization velocity.  

 

The share of time a single tracer particle spends above the dense bed surface is a measure of 

the particle’s flotsam/jetsam tendency. The average share of time spent by the wood chip 

tracer particles below the dense bed surface along with the average share of corresponding 

lateral displacement in the single particle tracking experiments are given in Table 5. These 

values give an indication of the relative importance of the lateral mixing mechanisms 

(illustrated in Fig. 4). As seen, wood chips spend more time submerged in the dense bed 

than above it for both fluidization velocities tested. Increasing fluidization velocity, even 

such a moderate increase as applied here, significantly increases the share of time the tracer 

particle spends submerged in the dense bed. For both velocities, the largest share of lateral 

displacement occurs while the tracers are immersed in the dense bed, a tendency which 

increases with fluidization velocity.  

 

a)  b)  

Figure 8: Trajectory of a single wood particle at a) u/umf = 5 and b) u/umf = 7.5. The particle’s start 

position is marked with a circle. 
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Table 5. Share of time spent and lateral displacement below the dense bed surface for wood chips as 

obtained from the single experiments. 

Fluidization number (u/umf) 5 7.5 

tbelow/ttot 0.60 (±σ=0.23) 0.97 (±σ=0.014) 

Lbelow/Ltot  0.55 (±σ=0.081) 0.78 (±σ=0.026) 

 

Note that, since the experiments are performed under ambient conditions, the 

flotsam/jetsam tendencies observed do not account for gas releases from fuel particles 

which are likely to occur under real combustion [46]. Although the extent of such influence 

from volatile release is not clear, it would increase the flotsam behavior of fuel particles. 

 

The cumulative observations after 20 minutes from the 24 runs of single-particle tracking 

experiments with a wood chip tracer performed at the higher fluidization velocity (u/umf = 

7.5) have been combined to yield the cumulative probability distribution of observations 

shown with a solid line in Fig. 9. Also shown in Fig. 9, as a dotted line, is the cumulative 

probability distribution of observations as calculated by fitting a diffusion model to the 

experimental observation distribution and post-processing the results into a cumulative 

format.  

 

 
Figure 9: Cumulative probability distribution of observations after 20 minutes 

from experiments (solid line) and as estimated by a diffusion model (dotted line). 

Experimental data obtained from 24 runs of single-particle wood chips tracking 

experiments at u/umf = 7.5. 

 

The maximum in the experimental cumulative probability distribution of observations in Fig. 

9 (solid line) is observed at x/L= 0.82, which approximately corresponds to the tracer feeding 

position. Furthermore, the observation distribution (solid line) reveals a regular mesoscopic 

variation in the distribution profile that peaks between the nozzle positions, i.e. between the 

bubble paths or at the edges of the mixing cells, confirming the above described phenomena 

illustrated in Fig. 3. The cumulative probability distribution of observations estimated with 

the diffusion model (dotted line) clearly demonstrates the inability of the diffusion-type 

model to describe the mesoscopic variation in the real fuel distribution profile as discussed 

above and illustrated in Fig. 3. This clearly indicates that bubble paths govern the fuel mixing 

and causes the concentration gradients within the mixing cells since these gradients are 

coupled to each bubble path. Furthermore, this illustrates that the formation of bubble 

paths with a large gas throughflow corresponds to fuel-lean regions which, in real operation, 

may enhance the occurrence of oxygen rich zones (due to low oxygen-fuel contact). 
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As indicated above, the lateral dispersion coefficient is estimated from the batch 

experiments. For a run at u/umf=7.5 with 15 wood chip tracers, probability distributions of 

cumulative observations at two different times are shown in Fig. 10. As a consequence of the 

decay in traceability (see Fig. 6 above), the majority of the runs (including the plotted one) 

generate very few or no observations in locations opposite to the feeding location, i.e. x/L=0, 

in spite of good fluidization over the entire cross section. In some cases, the analysis also 

suffers from a low total number of observations due to the decaying traceability and long 

submergence periods of tracer particles early in the run. 

 

 

The lateral dispersion coefficient values obtained for each of the batch experiments are 

given in Table 6. 

 
Table 6. Dispersion coefficient for the different batch trials  

Fuel Wood chips Bark pellets 

Fluidization number (u/umf) 5 7.5 5 7.5 

Run 1 2 3 4 5 6 7 

Dx x 10
3
 [m

2
/s] 0.36 0.68 0.64 0.83 0.61 0.43 0.92 

Dy x 10
3
 [m

2
/s] 0.25 0.46 1.24 1.00 0.38 0.63 0.36 

 

The lateral dispersion coefficient values obtained are lower than those reported by Niklasson 

et al. [39], which might partly be due to that the cited reference performed experiments 

under hot conditions (i.e. drying and devolatilization may have increased the flotsam effect 

in the early stages of conversion) and at significantly higher gas velocities. The lateral 

dispersion coefficients obtained here are in the same order of magnitude as those reported 

by Xiang et al. [16], despite differences in the excess fluidization velocities (u/umf), tracer 

particle and bed material properties, bed geometries and aspect ratios. Thus, more 

parameters than the fluidization velocity and the operational conditions influence the 

dispersion coefficient which also explains the scattering in data available from literature (see 

Table 1).  

 

Several experimental studies have reported an increase in lateral dispersion of fuel particles 

for increasing excess gas velocity [6, 12, 14, 16-18, 20] which is in agreement with the results 

in this work although the magnitude the influence of gas velocity has on the dispersion 

coefficient differs between the different works. The increased lateral fuel dispersion is 

caused by increased bubble size and lateral interaction. High excess gas velocities, however, 

increase the gas through-flow [47] (especially in beds equipped with low-pressure-drop 

distributors), thus reducing the contact between fuel and oxygen. 

 

a)  b)  

Figure 10:  Probability distribution of cumulative observations for a batch of 15 

wood chips (u/umf=7.5) at a) t10 and b) t50. 
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The influence of increased fluidization velocity on the lateral dispersion is noticeable for 

wood chips but not for bark pellets. This is likely due to the difference in shape, volume (five 

times smaller) and density (two times higher) of the bark pellet tracers compared to the 

wood chip tracers. According to the tests reported in Pallarès and Johnsson [20] and Pallarès 

et al. [6], the tracer particle size has no effect on the dispersion coefficient. This lies in 

contrast to the findings by Xiang et al. [16], who reported a decrease in dispersion 

coefficient with an increase in tracer particle size and density. Hence, further investigation 

on the effect of tracer size, shape and density is required in order to understand how these 

parameters influence the lateral fuel dispersion and the relative importance of the different 

mixing mechanisms. 

 

Other parameters that have been shown to influence the lateral fuel dispersion but have not 

been investigated in the present work are the dense bed height [6, 14, 16-18, 20], the lateral 

bed length [13], bed particle size and density [16, 18] and the pressure drop across the gas 

distributor [6]. In summary, there are several parameters which influence the lateral fuel 

mixing that without clear correlations or documentation make the comparison between 

different results inconclusive and difficult. 

 

Model results 

The proposed Monte Carlo model (Eq. (4)) requires inputs on the mixing cell factor (α), the 

time between bubble cycles (τ) and the number of mixing cells. The set of inputs for the 

simulations of each batch-tracking experiment is given in Table 7. Since the present 

experiments are performed in a bed with a low dense bed, the number of mixing cells equals 

the number of nozzles (this is confirmed by video-recordings of the dense bed surface), i.e. 

the domain is divided into 12x5 cells. The time between bubble cycles (τ) is calculated with 

Eq. (5). The mixing cell factors (αx and αy, respectively) are obtained through the 

corresponding values for the dispersion coefficients (given in Table 6) in combination with 

Eq. (7). Also included in Table 7 is the average jump time (tm) calculated with Eq. (6). 

 
Table 7. Physical parameters applied in a Monte Carlo simulation for each experimental run 

 Wood chips Bark pellets 

u/umf  5 7.5 5 7.5 

Run 1 2 3 4 5 6 7 

τ [s] 0.66 0.66 0.66 0.66 0.66 0.66 0.66 

tm,x [s] 15.45 8.27 8.78 6.81 9.19 13.05 6.13 

tm,y [s] 25.33 14.00 5.18 6.42 16.74 10.20 17.87 

αx [-] 0.96 0.92 0.93 0.90 0.93 0.95 0.89 

αy [-] 0.97 0.95 0.87 0.90 0.96 0.94 0.96 

 

Note that the increase with fluidization velocities of the values of the lateral dispersion 

coefficients (reported by [6, 12, 14, 16-18, 20]) represents with this description a decreased 

mixing cell factor, i.e. a larger fraction of particles are changing mixing cell in each bubble 

cycle. 

 

Figure 11 compares the cumulative probability distribution of the tracer-particle 

observations (Fig.11a) with corresponding values from Monte Carlo simulations (Fig. 11b) for 

one of the batch runs with wood chips at u/umf=7.5.  
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a) Experimental observations (u/umf=7.5) b) Monte Carlo simulation (αx=0.92, αy=0.95 and 

τ=0.66 sec) 

Figure 11: Cumulative probability distribution of observations at t50 with RSS=0.01. 

 

Due to the decrease in the phosphorescent effect of the tracer particles and the 

discontinuous tracking, the probability distribution of experimental observations differs from 

that given by the Monte Carlo simulation. The agreement between the Monte Carlo 

simulation and the experimental results is quantified with the residual sum of squares (RSS) 

between the experimental and the modeled probability distribution of observations, which 

has a maximum value of 2. For all batch trials the residual (RSS) is relatively small (RSS=0.01–

0.05) and the proposed Monte Carlo model is therefore assumed to yield an acceptable 

estimation of the fuel distribution. As seen in Fig. 11.a, the highest cumulative observation 

probability obtained from experiments is not located closest to the inlet but at a 

neighbouring cell, which might be due to tracer feeding effects.  

 

Comparison between diffusion and Monte Carlo-based descriptions of the horizontal mixing 

The agreement between the diffusion-type and the Monte Carlo modeling approaches is 

evaluated (exemplified in Fig. 12) on a one-dimensional domain for simplicity. To minimize 

the discrepancy between the results, the diffusion model is fitted to the data generated by 

the Monte Carlo model. This analysis gives the influence of the number of main bubble 

paths, N (corresponding to the number of cells in the Monte Carlo approach), the mixing cell 

factor, α, and an indicator of the gradient of the fuel concentration, Q (taken as the relative 

difference between the maximum and minimum values of the distribution). Results are 

summarized by the residual sum of squares (RSS) between the obtained probability 

distributions with each approach, as shown in Fig. 13 (which has a maximum value of 2). 

 

  
Figure 12: Monte Carlo model (N = 5, α = 0.9, Q = 0.9) 

compared to the analytical solution of the diffusion 

model when fitted to the Monte Carlo result. 

Figure 13: The residual (RSS) as a function of mixing 

cell factor (α) for different number of cells (N) and 

different probability gradients (Q) 
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From Fig. 13 it can be seen that the residual decreases with increase in α-value, i.e. the 

agreement between the two modeling approaches increases. High α-values (close to 1, 

which is the case for fluidized beds) correspond to large fractions of the fuel particles 

remaining in their present mixing cell in each bubble cycle. As seen in Fig. 13, this is not a 

critical factor for the implementation of diffusion models to describe the horizontal mixing. 

 

On the other hand, the number of main bubble paths, N, is shown to have a significant effect 

on the agreement between the modeling approaches. The influence of the α-value on the 

residual decreases significantly as the number of main bubble paths increases. This shows 

that in applications with a limited number of bubble paths diffusion models are inaccurate 

and the deviation from the proposed Monte Carlo model is higher than in cases with a 

higher amount of bubble paths. This is in contrast with the traditional praxis found in 

literature of applying diffusion models and dispersion coefficients in units with a very scarce 

(<5) number of main bubble paths.  

 

Finally, the use of diffusion models is discouraged by high values of the probability gradient, 

Q, corresponding (as discussed above) to cases with Da-numbers much larger than 1 (i.e. low 

mixing rate, short mixing time or large geometry). As summary, the use of diffusion models 

to describe lateral fuel mixing is only suitable for large units (large amount of main bubble 

paths) burning high-rank fuels with a good lateral mixing (i.e. Da>>1).   

 

Conclusions 
The lateral solids dispersion in a large-scale bubbling fluidized bed has been investigated by 

means of tracer-particle tracking and the results are compared with of modeling approaches 

(diffusion-type and macroscopic Monte Carlo). 

 

Tracer particles spend significant amounts of time in the regions between bubble paths, 

regardless of the fluidization velocity.  

 

Wood chip tracers spend more time and mix laterally more while submerged in the dense 

bed than while above the bed surface for both investigated velocities. Increased fluidization 

velocity accentuates this behavior.  

 

The cumulative probability of observation of single wood chip tracers reveals a regular 

mesoscopic variation in the fuel distribution profile that peaks between the nozzles 

positions, clearly indicating the existence of concentration gradient within the mixing cells 

coupled to the bubble paths. These variations cannot be described with a diffusion-type 

model. 

 

Values for the lateral fuel dispersion coefficients in the range 0.24 – 1.24 x 10
-3

 m
2
/s are 

obtained.  

 

A stochastic Monte Carlo-based modeling approach, based on the existence of mixing cells 

at a macroscopic level, is proposed which yields an acceptable estimation of the fuel 

dispersion. For this, physical parameters are needed: the bed characteristic frequency, 
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bubble path locations and the fraction of fuel remaining within the influence region of each 

bubble path after each bubble eruption.  

 

The use of dispersion coefficients in conjunction with diffusion-type models for the 

description of horizontal fuel mixing in fluidized beds with only a few mixing cells (i.e. main 

bubble paths) or significant concentration gradients is to be avoided.  

 

Notation 
α mixing cell factor [-] 

C concentration [kg/m
2
] 

Da Damköhler number [-] 

D dispersion coefficient [m
2
/s] 

fb characteristic bubble frequency [1/s] 

g gravitational constant [m/s
2
] 

H0 static bed height [m] 

Hmf bed height at minimum fluidization [m] 

kdispersion mass transfer coefficient [m/s] 

lnozzle distance between nozzles [m] 

∆l cell size  [m] 

L characteristic length [m] 

∆Ln net displacement of particle [m] 

λx average displacement [m] 

M number of illuminated cells [-] 

N number of cells [-] 

P probability factor [-] 

Q probability gradient [-] 

τ time between bubble cycles [s] 

τdispersion characteristic time of dispersion [s] 

τconversion characteristic time of conversion [s] 

∆t time interval for displacement [s] 

tm mean residence time or average jump time [s] 

t10 time at which 10% of the total amount of observations are made [s] 

t50 time at which 50% of the total amount of observations are made [s] 

t90 time at which 90% of the total amount of observations are made [s] 

tx,ty time at which particle reach the wall sin x- and y-direction, respectively  [s] 

u fluidization velocity [m/s] 

umf minimum fluidization velocity [m/s] 

ut terminal velocity [m/s] 
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