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   Abstract

Equalization  techniques  compensate  for  the  time  dispersion  introduced  by 

communication channels and combat the resulting inter-symbol interference (ISI) effect. 

Given a channel of unknown impulse response, the purpose of an adaptive equalizer is to 

operate on the channel output such that the cascade connection of the channel and the 

equalizer  provides  an  approximation  to  an  ideal  transmission  medium.  Typically, 

adaptive  equalizers  used  in  digital  communications  require  an  initial  training  period, 

during which a known data sequence is transmitted. A replica of this sequence is made 

available at the receiver in proper synchronism with the transmitter, thereby making it 

possible for adjustments to be made to the equalizer coefficients in accordance with the 

adaptive filtering algorithm employed in the equalizer design. This type of equalization is 

known as Non-Blind equalization. However, in practical situations, it would be highly 

desirable to achieve complete adaptation without access to a desired response. Clearly, 

some form of Blind equalization has to be built into the receiver design. Blind equalizers 

simultaneously estimate the transmitted signal and the channel parameters, which may 

even be time-varying.  The aim of  the project  is  to  study the  performance  of  various 

adaptive filter algorithms for blind channel equalization through computer simulations.
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Chapter 1

Introduction

By  Adaptive  signal  processing,  we  mean  in  general,  adaptive  filtering.   In  usual 

environments where we need to model, identify, or track time-varying channels, adaptive 

filtering has been proven to be an effective and powerful tool.  As a result, this tool is 

now in use in many different fields.

      Since, the invention of one of the first adaptive filters,  the so called least-mean 

square, by Widrow and Hoff in 1959, many applications appeared to have the potential to 

use  this  fundamental  concept.   While  the  number  of  applications  using  the  adaptive 

algorithms  has  been  flourishing  with  time,  the  need  for  more  sophisticated  adaptive 

algorithms  became  obvious  as  real-world  problems  are  more  demanding.   One  such 

application, “Adaptive channel equalization”, has been discussed in this thesis.

      In this chapter, we will discuss the need for channel equalization by considering the 

problem of Intersymbol-interference (ISI) in digital  communication systems.  We will 

also discuss the adaptive filters used for performing channel equalization.  We finish this 

chapter with an outline of the project and the thesis.  
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1.1        Need for Channel Equalization

1.1.1      Intersymbol Interference in Digital Communication

Many communication channels, including telephone channels, and some radio channels, 

may  be  generally  characterized  as  band-limited  linear  filters.   Consequently,  such 

channels are described by their frequency response C (f), which may be expressed as

 

                                              )()()( fjefAfC ϕ=                                               (1.1)

where,  A( f )  is called the amplitude response and  )( fϕ  is called the phase response. 

Another  characteristic  that  is  sometimes  used  in  place  of  the  phase  response  is  the 

envelope delay or group delay, which is defined as

                                               
df

fd
f

)(

2

1
)(

ϕ
π

τ −=                                                 (1.2)

A channel is said to be non distorting or ideal if, within the bandwidth W occupied by the 

transmitted signal, =)( fA constant and )( fϕ  is a linear function of frequency [or the 

envelope  delay  =)( fτ constant].   On the  other  hand,  if  )( fA  and  )( fτ  are  not 

constant within the bandwidth occupied by the transmitted signal, the channel distorts the 

signal. If  )( fA  is not constant, the distortion is known as amplitude distortion and if 

)( fτ  is  not  constant,  the  distortion  on  the  transmitted  signal  is  known  as  delay 

distortion.

      As a result of the amplitude and delay distortion caused by the non ideal channel 

frequency response characteristic )( fC , a succession of pulses transmitted through the 

channel at rates comparable to the bandwidth W are smeared to the point that they are no 

longer  distinguishable  as  well-defined  pulses at  the receiving  terminal.   Instead,  they 

overlap and, thus, we have Intersymbol interference (ISI).  As an example of the effect of 
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delay distortion on a transmitted pulse, )(tp  fig.1.1 (a) illustrates a band limited pulse 

having zeros periodically spaced in time at points labeled ,3,2, TTT ±±± etc. 

(a)

(b)
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(c)

Figure 1.1:  Effect of ISI on the Channel:  (a) Channel Input, (b) Channel Output, and

(c) Equalizer Output.

      If information is conveyed by the pulse amplitude, as in pulse amplitude modulation 

(PAM), for example, then one can transmit a sequence of pulses, each of which has a 

peak  at  the  periodic  zeros  of  the  other  pulses.  Transmission  of  the  pulse  through  a 

channel modeled as having a linear envelope delay characteristic )( fτ , however, results 

in  the  received  pulse  shown  in  fig.1.1  (b)  having  zero  crossings  that  are  no  longer 

periodically spaced.  Consequently a sequence of successive pulses would be smeared 

into one another, and the peaks of the pulses would no longer be distinguishable.  Thus, 

the channel delay distortion results in intersymbol interference.  However, it is possible to 

compensate for the non ideal frequency response characteristic of the channel by the use 

of a filter or equalizer at the receiver.  Fig 1.1(c) illustrates the output of a linear equalizer 

that compensates for the linear distortion in the channel.

T5− T4− T3− T2− T− 0 T T2 T3 T4 T5

t

)(tp
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      Intersymbol interference is a major source of bit errors in the reconstructed data 

stream at the receiver output.  Thus to correct it and, allow the receiver to operate on the 

received signal and deliver a reliable estimate of the original message signal, given at the 

input, to a user at the output of the system, channel equalization is performed.

      Besides telephone channels, there are other physical channels that exhibit some form 

of time dispersion and, thus, introduce intersymbol interference.  Radio channels, such as 

short-wave ionospheric propagation (HF), tropospheric scatter, and mobile cellular radio 

are  three  examples  of  time  dispersive  wireless  channels.   In  these  channels,  time 

dispersion and hence, intersymbol interference is the result of multiple propagation paths 

with different path delays.

1.2        Filters for Channel Equalization

In  order  to  counter  intersymbol  interference  effect,  the  observed  signal  may  first  be 

passed through a filter called the equalizer whose characteristics are the inverse of the 

channel characteristics.  If the equalizer is exactly matched to the channel, the 

combination of the channel and equalizer is just a gain so that there is no intersymbol 

interference present at the output of the equalizer.  As mentioned, the equalizer is a filter 

which is known as Adaptive filter.

1.2.1.     Adaptive Filter

In contrast to filter design techniques based on knowledge of the second-order statistics 

of  the  signals,  there  are  many  digital  signal  processing  applications  in  which  these 

statistics cannot be specified a priori.   The filter coefficients depend on the characteristic 
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of the medium and cannot be specified a priori.  Instead, they are determined by the 

method of Least squares, from measurements obtained by transmitting signals through 

the physical media.  Such filters, with adjustable parameters, are usually called adaptive 

filters, especially when they incorporate algorithms that allow the filter coefficients to 

adapt to the changes in the signal statistics.

      The equalizers, thereby using adaptive filters are called adaptive equalizers.  On 

channels whose frequency response characteristics are unknown, but time invariant, we 

may measure the channel characteristics and adjust the parameters of the equalizer; once 

adjusted, the parameters remain fixed during the transmission of data.  Such equalizers 

are  called  preset  equalizers.   On  the  other  hand,  adaptive  equalizers  update  their 

parameters on a periodic basis during the transmission of the data and, thus, they are 

capable of tracking time-varying channel response.  

      The adaptive filters will be discussed, in detail, in the next chapter.  However, at this 

point of time, one needs to understand that the equalizer  used to counter intersymbol 

interference effect  of the channel is to be adaptive in nature.   This is  because of the 

reason that, there is no priori information available to the filter but only the incoming 

data, depending on which the filter parameters have to adapt.

1.3        Project Outline

1.3.1      Purpose of the Project

The main purpose of this project is to examine the performance of various adaptive signal 

processing algorithms for channel equalization through computer simulations.
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1.3.2      Thesis Outline

The first chapter gives a general background and introduction to the problem of channel 

equalization and filters used in solving the problem.  Chapter 2 covers various types of 

filters used for channel equalization, including the adaptive filters. Chapter 3 provides the 

detailed  version  of  the  problem  of  channel  equalization  and  various  equalization 

techniques  used.   Chapter  4  discusses  the  simulation  model  and  about  the  various 

algorithms used in the project.  Chapter 5 presents the results of the simulation models. 

Also considered are the various factors involved in the equalization process, along with 

the study of variation of BER, or SER with that of SNR.  Finally, the thesis is concluded 

by giving the conclusions of the project.

1.4        Chapter Summary

In this chapter, we have extensively covered the problem of intersymbol interference and 

its effects on communication channels.  

      Later,  an introduction and the rudiments of adaptive filter  have been presented. 

Finally, the purpose of the project along with the outline of the thesis is presented.
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Chapter 2

Adaptive Filters

2.1        Introduction

In this chapter, we make a comparison of the adaptive filters with other filters and discuss 

the comparative advantages.  We also study the adaptive filter theory in detail, their types 

and applications.  The chapter also includes the factors that determine the choice of an 

algorithm.
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2.2        Types of Filters

2.2.1      Linear Optimum Filter

We may classify filters as linear or non-linear.  A filter is said to be linear if the filtered,

smoothed  or,  predicted  quantity  at  the  output  of  the  filter  is  a  linear  function  of  the 

observations applied to the filter input.  Otherwise, the filter is non-linear.

In the statistical approach to the solution of the linear filtering problem, we assume the 

availability of certain statistical parameters (i.e., mean and correlation functions) of the 

useful signal and unwanted additive noise, and the requirement is to design a linear filter 

with the noisy data as input so as to minimize the effects of noise at the filter output 

according  to  some  statistical  criterion.   A useful  approach  to  this  filter-optimization 

problem  is  to  minimize  the  mean-square  value  of  the  error  signal,  defined  as  the 

difference between some desired response and the actual filter  output.  For stationary 

inputs, the resulting solution is commonly known as the Wiener filter, which is said to be 

optimum in the mean-square error sense.  The Wiener filter is inadequate for dealing with 

situations in which non stationery of the signal and /or noise is intrinsic to the problem. 

In such situations,  the optimum filter  has  to  assume a time varying  form.   A highly 

successful solution to this more difficult problem is found in the Kalman filter, which is a 

powerful system with a wide variety of engineering applications.

      Linear filter theory, encompassing both Wiener and Kalman filters, is well developed 

in the literature for continuous–time as well as discrete-time signals.

2.2.2      Adaptive Filters

As seen in last section, Wiener and Kalman filters are the mostly used filters.  But, both 
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of them have constraints, i.e., they require some priori information.  Wiener filter requires 

knowledge of signal  covariance,  and Kalman filter  requires  knowledge of  state-space 

model governing signal behavior.

      In practice, such a priori information is rarely available; what is available is the data 

(sequence of numbers).   Moreover, all  the data is not available at a time;  the data is 

coming in sequentially.  This is where adaptive processing comes into play.  The basic 

idea is to process the data as it comes in (i.e., recursively), and by a filter which is only 

data  dependent,  i.e.,  the filter  parameters  adapt  to  the  coming  data.   Such filters  are 

referred to as adaptive filters.

      By such a system we mean one that is self-designing in that the adaptive algorithm, 

which makes it possible for the filter to perform satisfactorily in an environment where 

complete knowledge of the relevant signal characteristics is not available.  The algorithm 

starts from some predetermined set of initial conditions, representing whatever we know 

about the environment.  Yet, in a stationary environment, we find that after successive 

iterations of the algorithm it converges to the optimum Wiener solution in some statistical 

sense.  In a non stationary environment, the algorithm offers a tracking capability, in that 

it can track time variations in the statistics of the input data, provided that the variations 

are sufficiently slow.

      As a direct consequence of the application of a recursive algorithm whereby the 

parameters of an adaptive filer are updated from one iteration to the next, the parameters 

become data dependent.  This, therefore, means that an adaptive filter is in reality a non 

linear  system,  in  the  sense  that  it  does  not  obey  the  principle  of  superposition. 

Notwithstanding this properly, adaptive filters are commonly classified as linear or non 

linear.  An adaptive filter is said to be linear if its input-output map obeys the principle of 

superposition whenever its parameters are held fixed.  Otherwise, the adaptive filter is 

said to be non linear.
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2.3        Types of Adaptive Filters

The operation of a linear adaptive filtering algorithm involves two basic processes; (1) a 

filtering process designed to produce an output in response to a sequence of input data 

and (2) an adaptive process, the purpose of which is to provide a mechanism for the 

adaptive control of an adjustable set of parameters used in the filtering process.  These 

two processes work interactively with each other.  Naturally, the choice of a structure for 

the filtering process has a profound effect on the operation of the algorithm as a whole.

      The impulse response of a linear filter determines the filter’s memory.  On this basis, 

we may classify filters into finite-duration impulse response (FIR), and infinite-duration 

impulse response (IIR) filters, which are respectively characterized by finite memory and 

infinitely long, but fading, memory.

      Although both IIR and FIR filters have been considered for adaptive filtering, the FIR 

filter is by far most practical and widely used. The reason for this preference is quite 

simple;  the FIR filter has only adjustable zeros; hence, it  is free of stability problems 

associated  with  adaptive  IIR  filter,  which  have  adjustable  poles  as  well  as  zeros. 

However, the stability of FIR filter depends critically on the algorithm for adjusting its 

coefficients.

2.4        Factors determining the choice of Algorithm 

An important consideration in the use of an adaptive filter is the criterion for optimizing 

the  adjustable  filter  parameters.   The  criterion  must  not  only  provide  a  meaningful 

measure of filter performance, but it must also result in a practically realizable algorithm.

      A wide variety of recursive algorithms have been developed in the literature for the 

operation of linear adaptive filters.  In the final analysis, the choice of one algorithm over 
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another is determined by one or more of the following factors:

• Rate of convergence.  This is defined as the number of iterations required for the 

algorithm, in response to stationary inputs, to converge “close enough” to the 

optimum  Wiener  solution  in  the  mean-square  error  sense.   A  fast  rate  of 

convergence allows the algorithm to adapt rapidly to a stationary environment 

of unknown statistics.

• Misadjustment.  For  an  algorithm  of  interest,  this  parameter  provides  a 

quantitative measure of the amount by which the final value of the mean-square 

error, averaged over an ensemble of adaptive filters, deviates from the minimum 

mean-square error produced by the Wiener filter.

• Tracking.  When an adaptive filtering algorithm operates in a non stationary 

environment,  the  algorithm  is  required  to  track  statistical  variations  in  the 

environment.   The  tracking  performance  of  the  algorithm,  however,  is 

influenced  by  two  contradictory  features:  (a)  rate  of  convergence,  and  (b) 

steady-state fluctuation due to algorithm noise. 

• Robustness.  For an adaptive filter  to be robust,  small  disturbances can only 

result in small estimation errors.  The disturbances may arise from a variety of 

factors, internal or external to the filter.

• Computational requirements.  Here the issues of concern include (a) the number 

of operations required to make one complete iteration of the algorithm (b) the 

size of memory locations required to store the data and program, and (c) the 

investment required to program the algorithm on a computer.

• Structure.  This refers to  the structure of information  flow in the algorithm, 

determining the manner in which it is implemented in hardware form.

• Numerical Properties.  Numerical  stability is an inherent characteristic of an 

adaptive  filtering  algorithm.   Numerical  accuracy,  on  the  other  hand,  is 

determined by the number of bits used in the numerical representation of data 
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                samples and filter coefficients.   An adaptive filtering algorithm is said to be 

                numerically robust when it is insensitive to variations in the word length used 

                in its digital implementation.

2.5        How to choose an Adaptive Filter 

Given the wide variety of adaptive filters available to a system designer, the question 

arises how a choice can be made for an application of interest.   Clearly,  whatever the 

choice,  it  has  to  be  cost  effective.   With  this  goal  in  mind,  we  may  identify  three 

important issued that require attention: computational cost, performance, and robustness.

      Practical applications of adaptive filtering are highly diverse, with each application 

having peculiarities of its own. Thus, the solution for one application may not be suitable 

for another.  Nevertheless, be successful, we have to develop a physical understanding of 

the environment in which the filter has to operate and thereby relate to the realities of the 

application of interest.

2.6        Applications of Adaptive Filter

The ability of an adaptive filter to operate satisfactorily in an unknown environment and 

track time variations of input statistics makes the adaptive filter a powerful device for 

signal  processing  and  control  applications.   Indeed,  adaptive  filters  have  been 

successfully applied in such diverse fields as communications, radar, sonar, seismology, 

and biomedical engineering.  Although these applications are quite different in nature, 

nevertheless,  they have one basic  feature in  common:  An input  vector  and a  desired 

response are used to compute an estimation error, which is in turn used to control the 
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values of a set of adjustable filter coefficients.  The adjustable coefficients may take the 

form of  tap weights,  reflection  coefficients,  or  rotation  parameters,  depending on the 

filter  structure  employed.   However,  the  essential  differences  between  the  various 

applications of adaptive filtering arise in the manner in which the desired response is 

extracted.   In this context,  we may distinguish four basic classes of adaptive filtering 

applications, as follows:

I.  Identification:   

   I. a.  System Identification. Given an unknown dynamical system, the purpose of       

           system identification is to design an adaptive filter that provides an approximation 

           to the system.

   I. b.  Layered Earth Modeling. In exploration seismology, a layered model of the earth 

           is developed to unravel the complexities of the earth’s surface. 

II. Inverse Modeling:

   II. a. Equalization. Given a channel of unknown impulse response, the purpose of an 

           adaptive equalizer is to operate on the channel output such that the cascade             

           connection of the channel and the equalizer provides an approximation to an    

           ideal transmission medium.

III. Prediction:

   III. a. Predictive coding. The adaptive prediction is used to develop a model of a

             signal of interest; rather than encode the signal directly, in predictive coding 

             the prediction error is encoded for transmission or storage.  Typically, the

             prediction error has a smaller variance than the original signal, hence the 

             basis for improved encoding.

   III. b. Spectrum analysis. In this application, predictive modeling is used to estimate

             the power spectrum of a signal of interest.

IV. Interference cancellation:

   IV. a. Noise cancellation. The purpose of an adaptive noise canceller is to subtract 

             noise from a received signal in an adaptively controlled manner so as to improve 
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             the signal-to-noise ratio.  Echo cancellation, experienced on telephone circuits,  

             is a special form of noise cancellation.  Noise cancellation is also used in electro-

             cardiography.

    IV .b.Beamforming. A beamformer is a spatial filter that consists of an array of 

             antenna elements with adjustable weights (coefficients).  The twin purposes of 

             an adaptive beamformer are to adaptively control the weights so as to cancel

             interfering signals impinging on the array from unknown directions and, at the

             same time, provide protection to a target signal of interest.

      The application of adaptive filter considered in this project is Equalization, belonging 

to the Inverse modeling class of adaptive filtering application.  Consider fig. 2.1, which 

illustrates the inverse modeling class of adaptive filtering application.   The following 

notation is used in the figure:

u = input applied to adaptive filter;

                                            y = output of the adaptive filter;

                                            d = desired response; and

                                            e = d – y = estimation error.

 

Figure 2.1:  Inverse Modeling Class of Adaptive Filtering Applications.
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      In inverse modeling, the function of the adaptive filter is to provide an inverse model 

that represents the best fit to an unknown noisy plant.  Ideally in the case of an linear 

system, the inverse model has a transfer function equal to the reciprocal (inverse) of the 

plant’s  transfer  function,  such  that  the  combination  of  the  two  constitutes  an  ideal 

transmission  medium.   A delayed  version  of  the  plant  (system)  input  constitutes  the 

desired response for the adaptive filter.   In some applications,  the plant input is used 

without delay as the desired response.

      The channel equalization application will be dealt in detail in the next chapter.

    Plant
 Adaptive
    Filter

     
     Delay

∑

System  
  Input

u

          e  

-

+

System
 Output

d

y



2.7.       Chapter Summary

In this  chapter,  we have covered various types  of filters  as well  as types  of adaptive 

filters.  We first made a comparison of adaptive filters with that of Wiener and Kalman 

filters and concluded that it is the most suitable filter for channel equalization.

      Later, the various factors that affect the choice of an algorithm and the choice of 

adaptive filter have been discussed.

      Finally, the various applications of the adaptive filters have been presented, and the 

application considered in this project introduced.

16

Chapter 3

Channel Equalization



3.1        Introduction

In this chapter, we will discuss  the problem of channel equalization in detail.  We will 

also study  the various types of equalization techniques used for this purpose, along with 

the blind equalization technique used in this project.  
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3.2        Adaptive Channel Equalization

Fig.3.1 shows a block diagram of a digital communication system in which an adaptive 

equalizer is used to compensate for the distortion caused by the transmission medium 

(channel).  



Figure 3.1:  Application of Adaptive Filter to Adaptive Channel Equalization.

The digital sequence of information symbols )(na  is fed to the transmitting filter whose 

output is 

                                                )()()(
0

s
k

kTtpkats −= ∑
∞

=
                                            

where, )(tp is the impulse response of the filter at the transmitter and sT  is the time 
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interval between information symbols; that is, sT1  is the symbol rate.  For the purpose 

of this  discussion,  we may assume that  )(na  is  a multilevel  sequence that takes on 

values

from  the  set  ),1(..,..........,5,3,1 −±±±± k  where  k  is  the  number  of  possible 

values.

      Typically, the pulse )(tp  is designed to have the characteristics illustrated in fig.3.2.
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     Filter)

Receiver
  (Filter)
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Reference
   Signal    Adaptive
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Figure 3.2:  Pulse Shape for Digital Transmission of Symbols at a Rate of 
sT

1  Symbols 

per Second.

      Note that  1)0( =p  at  0=t  and  0)( =snTp  at  ..........,2,1, ±±== nnTt s

………  As a consequence, successive pulses transmitted sequentially every sT  second 

do  not  interfere  with one  another  when sampled  at  the  time  instants snTt = .   Thus, 

)()( snTsna = .

      The channel, which is usually modeled as a linear filter, distorts the pulse and, thus, 
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causes intersymbol  interference.   For example,  in telephone channels,  filters  are  used 

throughout the system to separate signals in different frequency ranges.  These filters 

causes frequency and phase distortion.  Fig.3.3 illustrates the effect of channel distortion 

of pulse )(tp  as it might appear at the output of the telephone channel.

sT5− sT4− sT3− sT2− sT− 0 sT sT2 sT3 sT4 sT5

)(tp

t

1



 

Figure.3.3:  Effect of Channel Distortion on the Signal Pulse in fig.3.2.

      Now,  we  observe  that  the  samples  taken  every  sT  second  are  corrupted  by 

interference from several  adjacent symbols.   The distorted signal is also corrupted by 

additive noise, which is usually wide band.

      At the receiving end of communication system, the signal is first passed through a 

filter  that  is  primarily  designed to  eliminate  the noise outside of  the  frequency band 

occupied by the signal.  We may assume that this filter is a linear phase FIR filter that 

limits  the  bandwidth  of  the  noise  but  causes  negligible  additional  distortion  on  the 

channel-corrupted signal.

      Samples of the received signal at the output of this filter reflect the presence of 

intersymbol interference and additive noise.  If we ignore, for the moment, the possible 
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time variations in the channel, we may express the sampled output at the receiver as

              ∑∑
∞

≠
=

∞

=

+−+=+−=
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ssss nTwkTnTqkaqnanTwkTnTqkanTx

00

)()()()0()()()()()(     (3.1)

)(tq

t

sT5− sT4− sT3− sT2− sT− sT
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sT3 sT4 sT5



where, )(tw  represents the additive noise and )(tq  represents the distorted pulse at the 

output of the receiver filter.

      To simplify the discussion, we assume that the sample )0(q  is normalized to unity 

by means of an automatic gain control (AGC) contained in the receiver.  Then, the 

sampled signal given in the equation (3.1) may be expressed as

                                   )()()()()(
0

nwknqkananx

nk
k

+−+= ∑
∞

≠
=

                                          (3.2) 

where, )()( snTxnx ≡ ,  )()( snTqnq ≡ ,  and  )()( snTwnw ≡ .   The  term  )(na  in 

equation (3.2) is the desired symbol at the thn  sampling instant.  The second term,

                                                  ∑
∞

≠
=

−
nk

k

knqka
0

)()(

constitutes  the  intersymbol  interference  due  to  the  channel  distortion,  and  )(nw  

represents the additive noise in the system. 

      In general, the channel distortion effect embodied through the sampled values )(nq  

is unknown at the receiver.  Further more, the channel may vary slowly with time such 

that 

21

the intersymbol interference effects are time-variant.  The purpose of adaptive equalizer 

is to compensate the signal for the channel distortion, so that the resulting signal can be 

detected reliably.   Let us assume that the equalizer is an FIR filter with M adjustable 

coefficients, ).(nh Its output may be expressed as

 



                                        ∑
−

=

−+=
1

0

)()()(ˆ
M

k

kDnxkhna  

(3.3) 

where  D  is some nominal delay in processing the signal through the filter and  )(ˆ na

represents an estimate of the thn  information symbol.  Initially, the equalizer is

trained by transmitting a known data sequence )(nd .  Then, the equalizer output, say

)(ˆ nd , is compared with )(nd and an error )(ne  is generated that is used to optimize 

the filter coefficients.  This is illustrated in fig.3.4.

Figure 3.4:  Channel Equalization using Training Sequence.
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If we again adopt the least squares error criterion, we select the coefficients  )(kh  to 

minimize the quantity.

                      ∑ ∑∑
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           The result of the optimization is a set of linear equations of the form

                         ∑
−

=

−=−=−
1

0

)1(,.......,2,1,0),()()(
M

k
dxxx Mldlrklrkh  

(3.5)

where,  )(lxxr  is  the  autocorrelation  of  the  sequence  )(nx  and  )(lrdx  is  the  cross 

correlation 

between the desired sequence )(nd  and the received sequence )(nx .

      Although the solution of the equation (3.5) is obtained recursively in practice, in 

principle, we observe that these equations result in values of the coefficient for the initial 

adjustments of the equalizer.  After the short training period, which usually last less than 

one second for most of the channels, the transmitter begins to transmit the information 

sequence )(na .   In  order  to  track  the  possible  time  variations  in  the  channel,  the 

equalizer coefficients must continue to be adjusted in an adaptive manner while receiving 

data.  As illustrated in fig.3.1, this is usually accomplished by treating the decisions at the 

output of the decision device as correct, and using the decisions in place of the reference 

)(nd  to generate the error signal.  This approach works quite well when decision errors 

occur  frequently (for example, less than one decision error per hundred symbols).  The 

occasional decision error cause only small misadjustments in the equalizer coefficients.
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3.3        Types of Equalization Techniques

3.3.1      Linear Equalization



Consider  the linear  equalizer  structure in fig 3.5.   The linear  filter  tries  to invert  the 

channel dynamics and the decision device is a static mapping, working according to the 

nearest neighbor principle.

Figure 3.5:  Structure of Linear Equalizer.

      A linear equalizer consists of a linear filter )(qC  followed by a decision device.  

The  equalizer  is  computed  from  knowledge  of  a  training  sequence  of tu .    The 

underlying assumption is that the transmission protocol is such that a training sequence, 

known to 

the  receiver  is  transmitted  regularly.   This  sequence  is  used  to  estimate  the  inverse 

channel dynamics )(qC  according to the least squares principle.  The dominating model 

structure for both channel and linear equalizer is FIR filters.  The FIR model for channel 

is motivated by physical  reasons; the signal is subject to multi-path fading or echoes, 

which implies delayed and scaled versions of the signal at the receiver.  The FIR model 

for equalizer structures, where the equalizer consists of a linear filter in series with the 

channel, is motivated by practical reasons.  

      An equalizer of order n, nC , is to be estimated from L training symbols tu  aiming at 

a total time delay of D.  Introduce the loss function
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The least squares estimate of the equalizer is now

                                                      ),(minarg)(ˆ DCVDC nL
C

n
n

=

      

      The designer of the communication system has three degrees of freedom.  The first, 

and most important, choice for performance and spectrum efficiency is the length of the 

training sequence, L. This has to be fixed at an early design phase when the protocol, and 

for commercial systems the standard, is determined.  Then the order n and delay D have 

to be chosen.  This can be done by comparing the loss in the three dimensional discrete 

space L, n, D.

3.3.2      Decision Feedback Equalization

Fig. 3.5 shows the structure of a decision feed back equalizer.  The upper part is identical 

to a linear equalizer with a linear feed-forward filter, followed by a decision device.  The

difference lies in the feed back path from the non-linear decisions.

            One fundamental problem with a linear equalizer of FIR type is the many taps that 

are needed to approximate a zero close to the unit circle in the channel.  With the extra 

degree of freedom we now have, these zeros can be put in the feedback path, where no 

inversion  is  needed.   In  theory,  )()( qBqD = and  1)( =qC  would  be  a  perfect 

equalizer.  However, if the noise induces a decision error, then there might be a recovery 

problem for the DFE equalizer.  There is the fundamental trade-off: split the dynamics of 

the channel between  )(qC  and )(qD  so few taps and robustness to decision errors are 

achieved.
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Figure 3.6:  Structure of Decision Feedback Equalizer.

     

       In the design, we assume that the channel is known.  In practice, it is estimated from 

a  training  sequence.   To  analyze  and  design  a  non-linear  system  is  generally  very 

difficult,.  A simplifying assumption, that dominates the design described in theliterature, 

is one of so called Correct Past Decisions (CPD).  The assumption implies that we can 

take the input to the feedback filter from the true input and we get the block diagram in 
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fig.3.7.The assumption is sound when the Signal-to-Noise Ratio (SNR) is high, so a DFE 

can be only assumed to work properly in such systems.
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Figure 3.7:  Modified Structure of DFE under CPD.

      We can see  from fig.3.7 that, if there are no decision errors, then                           

                                    ttt eqHqCuqDqBqCz )()())()()(( ++=    .                            

For the CPD assumption to hold, the estimation errors must be small.  That is, choose 

)(qC  and )(qD to minimize

                          
tt
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There are two principles described in the literature:

• The zero forcing equalizer.  Neglect the noise in the design and choose  )(qC  

and )(qD  so that .0)()()( =−−− qDqBqCq D  
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• The minimum variance equalizer.

 

)()()()()()()(minarg

~minarg)ˆ,ˆ(
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      Here, we have used Parseval’s formula and an independence assumption between u 

and e.

In both cases, a constraint of the type 10 =c  is needed to avoid the trivial minimum for 

)(qC = 0, in case the block diagram in fig.3.6 does not hold.

      The advantage of DFE is a possible considerable performance gain at the cost of an 

only slightly more complex algorithm, compared to a linear equalizer.  Its applicability is 

limited to cases with high SNR.

      As a final remark, the introduction of equalization in very fast modems, introduces a 

new kind of implementation problem.  The basic reason is that the data rate comes close 

to the clock frequency in the computer, and the feedback path computations introduce a 

significant time delay in the feedback loop.  This means that the DFE approach collapses, 

since no feedback delay can be accepted.

3.3.3      Non-Blind Equalization



In the previous two sections, we have seen that the adaptive equalizers used, require an 

initial training period, as illustrated in fig 3.4, during which a known data sequence is 

transmitted.   A  replica  of  this  sequence  is  made  available  at  the  receiver  in  proper 

synchronism with the transmitter, thereby making it possible for adjustments to be made 

to the equalizer coefficients in accordance with the adaptive filtering algorithm employed 
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in equalizer design.  When the training is completed, the equalizer is switched to its 

decision  directed  mode,  and normal  data  transmission may commence.   This  type  of 

equalization, in which the training period is available to the receiver, is known as Non-

Blind equalization.

3.3.4      Blind Equalization

When training signals are entirely absent, the transmission is called blind, and adaptive 

algorithms  for  estimating  the  transferred  symbols  and possibly  estimating  channel  or 

equalizer  information  are  called  blind  algorithms.   Since,  training  information  is  not 

available; a reliable reference is missing, leading to a very slow learning behavior in such 

algorithms.  Thus, blind methods are typically of interest when a large amount of data is 

available and quick detection not important.   

      The structure of blind equalizer is shown in fig 3.8.

Figure 3.8:  Structure of Blind Equalizer.
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      Their major application is thus, broadcasting for digital radio or T.V.  However, 

recently  the  concept  of  basis  function  to  describe  time-variant  channels  has  been 

incorporated, proving that blind techniques also have potential for time-varying channels. 

The best known application of blind equalization is to remove the distortion caused by 

the channel in digital communication systems.  The problem also occurs in seismological 

and  underwater  acoustics  applications.   The  channel  of  a  blind  equalizer  is  as  usual 

modeled as a FIR filter, as shown in fig 3.8.
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                                  ,.................)( 2211 bb nn
ttt qbqbqbqB −−− +++=  

(3.6)

and the same model structure is used for the blind equalizer

                                   cc nn
ttt qcqcqcqC −−− +++= .................)( 2211

  . 

(3.7)

The impulse response of the combined channel and equalizer, assuming FIR models for 

both, is

tt cbh )( ∗=

where  ∗  denotes  convolution.   Again,  the  best  one  can  hope  for  is Dtt mh −≈ δ , 

where D is an unknown time – delay, and m with 1=m   is an unknown modulus.  For 

instance, it is impossible to estimate the sign of the channel.  The modulus and delay do 

not matter for the performance, and can be ignored in applications.

      Assume binary signal tu  (BPSK).  For this special case, the two most popular loss 

functions defining the adaptive algorithm are given by: 

      



                             ])1[(
2

1 22zEV −=                 Modulus restoral (Godard) 

(3.8)                        

                          ]))([(
2

1 2zzsignEV −=         Decision directed (Sato) 

(3.9)

The modulus restoral algorithm also goes under the name Constant Modulus Algorithm 

(CMA).  Note the convention that decision-directed means that the decision is used in a 
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parameter  updates  equation,  where as decision feedback means  that  the decisions are 

used in a linear feedback path.

      Algorithms using the constant modulus (CM) property of the transmitted signal are 

historically probably the first blind algorithms.  The constant modulus algorithm is the 

most well-known procedure and depends on the non-linear function in many variations 

and applications.  While, the convergence analysis of such algorithms is limited to very 

few cases the analysis of its tracking behavior, i.e., its steady-state performance has made 

progress.

3.4        Chapter Summary

In this chapter, we have covered, in detail, the problem of channel equalization.  We have 

also covered various  techniques  of equalization,  including Linear  and DFE equalizer, 

which are non-blind equalization scheme.

      Finally, the blind equalization technique used in this project is discussed, along with 

the CMA and decision-directed algorithms. 
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Chapter 4

Simulation Models

4.1        Introduction



In this chapter, we describe the simulation modeling used for the results generated in this 

project  work.   We  first  discuss  the  general  mathematical  model  of  the  channel 

equalization process.

      After that, we look at the various algorithms used in this project work, and their 

implementation.
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4.2        General Mathematical Model

The equalizer structure is shown in fig.4.1.

Figure 4.1:  A Representation of a general Mathematical Model for Adaptive 

Equalization.
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      Symbols  )(is  are generated using a symbol source and transmitted through the 

channel.  The output of the channel is then corrupted by additive white Gaussian noise 

(AWGN), )(iv .  The received signal, )(ix  is expressed as 

)()()()( ivnhisix +∗=

where,  )(nh  is  the  transfer  function  of  the  communication  channel,  and  *  denotes 

convolution.  The received signal, )(ix  is processed by the equalizer and an estimate of 

the input, )(ˆ is  is generated.
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4.3        Channel Modeling

In  this  section,  we  explain  the  method  used  to  generate  data,  and  the  generation  of 

additive white Gaussian noise.

We consider the channel

21 3.03.0)( −− ++= zzzH

and proceed to design adaptive equalizers for it.

4.3.1      Generating Data

The symbols are generated using a symbol source and are considered randomly.   The 

different modulation schemes used are PAM, QPSK and QAM.



4.3.2      Generating AWGN

In all the simulations, zero-mean additive white Gaussian noise is added to simulate the 

effect of noise in the receivers.  A noise signal having a flat power spectral density over a 

wide range of frequencies is called white noise by analogy to white light.  The power 

spectral density (PSD) of white noise is given by 

PSD
2

oη=    watts/Hz

where, oη  is a function of the noise power spectral density, and 2 is included to indicate 

that the PSD is a two-sided PSD.
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      We will  use  zero-mean  Gaussian  white  noise  as  the  model  for  the  noise  that 

accompanies the signal at the receiver input.  

4.4        Blind Algorithms

As discussed in section 3.3.4, the equalization used in this project is a blind equalization, 

i.e., the equalizer is supposed to operate blindly.  In blind equalization, the equalizer is 

supposed to operate without a reference sequence and therefore without a training mode.  

The structure of blind adaptive equalization is a modified version of fig 4.1 and is shown 

in fig 4.2.



Figure 4.2:  A Representation of a General Structure for Blind Adaptive Equalization.

      In blind equalization, the received signal  )(ix  is processed by equalizer, whose 

output,  )(iz  is fed into a decision device to generate  { )(ˆ ∆−is }. These signals are 

delayed decisions and the value of delay, ∆, is determined by the delay that the signals 
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undergo when traveling through the channel and equalizer.  Most blind algorithms use the 

output of the equalizer, )(iz , to generate an error signal )(ie ,  which is used to adapt the 

equalizer coefficients according to the rule

)()( *
1 isieww ii µ+= −

which is known as the LMS algorithm.

4.5        Loss Function Model
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For calculating the loss function values in this  project,  we have used the well-known 

constant  modulus  algorithm  (CMA),  or  Godard  algorithm,  and  Sato  algorithm.   As 

discussed in section 3.3.4, the loss functions are given by:

       ])1[(
2

1 22zEV −=                  (Godard)

]))([(
2

1 2zzsignEV −=         (Sato)

4.5.1      Godard Algorithm

Godard (1980) was the first to propose a family of constant-modulus blind equalization 

algorithms for use in two-dimensional digital communication systems (e.g., M-ary QAM 

signals).  The Godard algorithm minimizes a nonconvex cost function of the form

                                            ],))([()( 2
pRnyEnJ −=  

(4.1)
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where, p is a positive integer and

                                                     
])([

])([
2

p

p

p
nxE

nxE
R =  

(4.2)

is a positive real constant.  The Godard algorithm is designed to penalize deviations of 

the blind equalizer output )(nx  from a constant modulus.  The constant pR  is chosen 

in  such  a  way  that  the  gradient  of  the  cost  function  )(nJ  is  zero  when  perfect 

equalization 

[i.e., )()(ˆ nxnx = ] is attained.



      The tap-weight vector of the equalizer is adapted in accordance with the stochastic 

gradient algorithm 

                                                )()()(ˆ)1(ˆ * nenunwnw µ+=+ , 

(4.3)

where  µ   is the step-size parameter, )(nu  is the tap-input vector, and

                                                 ))(()()()(
2 p

p

p
nyRnynyne −= −

 

(4.4)

is  the  error  signal.   From the  definition  of  the  cost  function  )(nJ in  equation  (4.1) 

and  from the  definition  of  the  error  signal  )(ne  in  equation  (4.4),  we see  that  the 

equalizer adaptation, according to the Godard algorithm, does not require carrier phase 

recovery.   The algorithm therefore tends to  converge slowly.   However,  it  offers  the 

advantage of decoupling the ISI equalization and carrier phase recovery problems from 

each other.
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       Two cases of the Godard algorithm are of specific interest:

      Case 1: p=1    The cost function of equation (4.1) for this case reduces to

],))([()( 2
1RnyEnJ −=

where

  



])([

])([
2

1
nxE

nxE
R =

Case 1 may be viewed as a modification of the Sato algorithm.

      Case 2: p=2    In this case, the cost function of equation (4.1) reduces to

],))([()( 2
2

2
RnyEnJ −=

where

])([

])([
2

4

2
nxE

nxE
R =

Case 2 is referred to in the literature as the constant-modulus algorithm (CMA).

       

      The Godard algorithm is considered to be the most successful blind equalization 

algorithms.  In particular, we must say the following about Godard algorithm:
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• The Godard algorithm is more robust than any other algorithm with respect to the 

carrier phase offset.  This important property of the algorithm is due to the fact 

that the cost function used for its derivation is based solely on the amplitude of 

the received signal.

• Under steady-state conditions, the Godard algorithm attains a mean-square error 

that is lower than any other algorithm.

• The Godard algorithm is often able to equalize a dispersive channel, such that the 

eye pattern is opened up when it is initially closed for all practical purposes.

4.5.2      Sato Algorithm



The idea of blind equalization in M-ary PAM systems dates back to the pioneering work 

of Sato (1975).  The Sato algorithm consists of minimizing a nonconvex cost function

                                               ],))()(ˆ[()( 2nynxEnJ −=  

(4.5)

Where )(ny  is the transversal filter output and )(ˆ nx  is an estimate of the transmitted 

datum )(nx .  This estimate is obtained by a zero-memory nonlinearity described by the 

formula 

                                                   )](sgn[)(ˆ nynx α=

The constant

                                                       
])([

)]([ 2

nxE

nxE=α

sets the gain of the equalizer.
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The  tap  weight  vector  of  the  equalizer  is  adapted  in  accordance  with  the  stochastic 

gradient algorithm

                                                  )()()(ˆ)1(ˆ nunenwnw µ+=+  

(4.6)

where  µ   is the step-size parameter, )(nu  is the tap-input vector, and

)())(sgn()( nynyne −=



is the error signal.

      The Sato algorithm for blind equalization was introduced originally to deal with one-

dimensional multilevel (M-ary PAM) signals, with the objective of being more robust 

than a decision-directed algorithm.  Initially, the algorithm treats such a digital signal as a 

binary signal by estimating the most significant bit; the remaining bits of the signal are 

treated  as additive  noise insofar  as the blind equalization  process is  concerned.   The 

algorithm then uses the results of this preliminary step to modify the error signal obtained 

from a conventional decision-directed algorithm.

4.6        Chapter Summary

In this chapter, we have discussed in detail  about the general mathematical model for 

adaptive channel equalization.  Then, we have presented the methods to generate data and 

additive white Gaussian noise.

      Finally, the well-known blind algorithms, Godard and Sato algorithms, used in the 

project are thoroughly discussed.
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Chapter 5



Simulation Results

5.1        Introduction

In the previous chapter, we discussed about the algorithms used in this project.  In this 

chapter, we present the results of the simulations.

      In  the  following  sections,  we  discuss  about  the  various  factors  involved  in 

equalization process.  The results for various modulation schemes used in the project will 

be  presented.   Finally,  the  variation  of  the  most  important  factor  in  determining  the 

equalizer’s performance Bit Error Rate (BER) or Symbol Error Rate (SER) with SNR is 

considered.
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5.2        Effect of ISI on Eye Pattern

In a digital  communication system, channel distortion causes Intersymbol Interference 

(ISI), as illustrated in chapter1.

      The amount of intersymbol interference and noise in a digital communications system 

can be viewed on an oscilloscope.  For PAM signals, we can display the received signals 

on the vertical input with the horizontal sweep rate set at  T
1  , where ‘T’’ is the signal 

interval.   The  resulting  oscilloscope  display  is  called  an  eye  pattern,  because  of  its 



resemblance to human eye.  For example, fig. 5.1 illustrates the eye patterns for binary 

PAM modulation. 

Figure 5.1:  Example of Eye Pattern for Binary PAM Modulation.
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      The effect of intersymbol interference is to cause the eye to close, thereby reducing 

the margin for additive noise to cause errors.

      For PSK and QAM, it is customary to display the eye pattern as a two-dimensional 

scatter  diagram.   Consider,  for  example,  a  case  of  8-PSK signal.  In  the  absence  of 

intersymbol  interference  and noise,  the superimposed signals  at  the sampling  instants 

would result in eight distinct points corresponding to the eight transmitted signal phases. 

Intersymbol Interference and noise result in a deviation of the received samples from the 

desired 8-PSK signal.  The larger the intersymbol interference and noise, the larger the 

scattering of the received signal samples relative to the transmitted signal points.



      The following plots show the eye patterns for the Sato and Godard Algorithms, for 

PAM modulation.
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Figure 5.2: Eye Pattern for Sato Algorithm, for PAM modulation.
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Figure 5.3: Eye Pattern for Godard Algorithm, for PAM modulation.

45

5.3        Learning Curves

5.3.1      Steepest Descent



 In designing an FIR adaptive filter, the goal is to find the vector nw  at time n that 

minimizes the quadratic function

{ }2
)()( neEnJ =

Although the vector that minimizes )(nJ  may be found by setting derivative of  )(nJ  

with respect to )(* nw  equal to zero, another approach is to search for the solution using 

method of steepest descent.

      A plot of )(nJ  versus the number of iteration, n is referred to as the learning curve 

and  indicates  how rapidly  the  adaptive  filter  learns  the  solution  to  the  Wiener-Hopf 

equations given by

dxxn
n

rRw 1lim −

∞→
=

Where, xR  is autocorrelation matrix and dxr  is cross correlation.  In Steepest Descent, 

the statistics are assumed to be known beforehand.  The weight vector update equation in 

this case therefore is given by

{ })()( *
1 nxneEww nn µ+=+
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5.3.2      LMS Algorithm

A  practical  limitation  with  Steepest  Descent  algorithm  is  that  the  expectation 

{ })()( * nxneE   is generally unknown.  In order to overcome this limitation, we adopt 



the LMS algorithm.  In this algorithm, the expectation   { })()( * nxneE   is replaced with 

an estimate such as the sample mean

                                      { } ∑
−

=

−−=
1

0

** )()(
1

)()(ˆ
L

l

lnxlne
L

nxneE  

(5.1)

Incorporating this estimate into steepest descent algorithm, the update for  nw  becomes

                                      ∑
−

=
+ −−+=

1

0

*
1 )()(

L

l
nn lnxlne

L
ww

µ
 

(5.2)

A special case of equation (5.2) occurs if we use a one-point sample mean (L=1), 

                                              { } )()()()(ˆ ** nxnenxneE =  

In this case, the weight vector update equation assumes a particularly simple form

                                                )()( *
1 nxneww nn µ+=+

and is known as LMS algorithm.

      LMS algorithm is also called stochastic gradient algorithm, since an estimate of the 

gradient vector is used.  As the statistics are not known, the convergence rate in LMS 

algorithm is very slow.
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For jointly wide-sense stationary processes, the LMS algorithm converges in the mean if



                                                          
max

2
0

λ
µ <<

Where, µ  is the step-size parameter and maxλ  is the maximum eigenvalue.

      Although based on a very crude estimate of { })()( * nxneE , the LMS adaptive filter 

often performs well enough to be used successfully in a number of applications.  Since, 

this project assumes the statistics to be unknown, we consider the LMS algorithm.

      The following plots show the learning curves of Sato and Godard algorithm for PAM 

modulation.

48



0 100 200 300 400 500 600 700 800 900 1000
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

Iteration

J(
n)

Sato:Learning curve

Figure 5.4: Learning curve for Sato Algorithm Corresponding to the Cost Function
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5.4        Transfer function of Combination of Channel 

and Equalizer



Given a channel of unknown impulse response, the purpose of an adaptive equalizer is to 

operate on the channel output such that the cascade connection of the channel and the 

equalizer provides an approximation to an ideal transmission medium.  Ideally,  in the 

case of a linear system, the equalizer model has a transfer function equal to the reciprocal 

of the channel’s transfer function, such that the combination of two constitutes an ideal 

transmission medium.  This is illustrated in fig.5.6.      

Figure 5.6:  A representation of the Combination of Channel and Equalizer.

      Here, the transfer function of the channel is given by )( fH c , whereas the equalizer 

transfer function is reciprocal of channel’s, given by
)(

1

fH c
 .  The combination of the 

channel and equalizer therefore should be a unit impulse.

      Therefore, the channel and equalizer should be chosen, so as to satisfy the above 

criterion.  The following plots show that this criterion is followed in the algorithms used 

in this project.
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Figure 5.7: Impulse Response of the Channel (Blue), Equalizer (Red) and Combination of 
Channel and Equalizer (Green), for Sato Algorithm.
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Figure 5.8: Impulse Response of the Channel (Blue), Equalizer (Red) and Combination of 
Channel and Equalizer (Green), for Godard Algorithm.
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5.5        Other Modulation Schemes



In the previous sections, we have seen the results of the Sato and Godard algorithms for 

the  case  of  PAM  modulation.   As  discussed  in  section  4.3.1,  along  with  PAM 

modulation, we can also use PSK and QAM modulation schemes.  The following plots 

will show the results for the case of PSK and QAM, respectively

For PSK Modulation:
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Figure 5.9: Learning Curve for the Case of PSK Modulation.
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Figure 5.10: Learning Curve in dB for the Case of PSK Modulation.
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Figure 5.11: Scatter Diagram of the Received Sequence for PSK Modulation.
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Figure 5.12: Scatter Diagram of the Equalizer Output for PSK Modulation.
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Figure 5.13: Impulse Response of the Channel (Blue), Equalizer (Red) and Combination 
of Channel and Equalizer (Green), for PSK Modulation.
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For QAM Modulation:
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Figure 5.14: Learning Curve for the Case of QAM Modulation.
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Figure 5.15: Learning Curve in dB for the Case of QAM Modulation.
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Figure 5.16: Scatter Diagram of the Received Sequence for QAM Modulation.
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Figure 5.17: Scatter Diagram of the Equalizer Output for QAM Modulation.
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Figure 5.18: Impulse Response of the Channel (Blue), Equalizer (Red) and Combination 
of Channel and Equalizer (Green), for QAM Modulation.
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5.6        Variation of BER, or SER with SNR



In  data  communication  systems,  and  in  particular  in  wireless  transmission,  the  best 

criterion to compare the equalizer performance is either Bit Error Rate (BER), or Symbol 

Error Rate (SER).  The Bit Error Rate (BER) is defined as

)(

)](ˆ)([(

Nsymbolsdtransmitteofnumber

isiszerononofnumber
BER

−−=

where trivial phase shifts (sign change) of the estimate should be discarded. It is naturally 

extended  to  Symbol  Error  Rate  (SER)  for  general  input  alphabets  (not  only  binary 

signals).  

      Another important parameter for algorithm evaluation is the Signal-to-Noise Ratio 

(SNR):

)]([

)]([
2

2

ivE

iuE
SNR =

A typical evaluation shows BER as a function of SNR.  For high SNR one should have 

BER=0 for an algorithm to be meaningful.

      The following curves show the variation of BER, or SER with that of SNR for PAM, 

QPSK, QAM modulation schemes.  The curves have been plotted for the case of ideal 

AWGN (no distortion exists in this case), without equalization (channel suffers from ISI 

effect), and with equalization (equalizer mitigates the effect of ISI on channel). 
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Figure 5.19: Plot of BER over 10000 transmitted PAM symbols, for ideal AWGN 
(Black), with equalization (Red), without equalization (Green), for SNR values between

0 and 20, for Sato Algorithm.
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Figure 5.20: Plot of BER over 10000 transmitted PAM symbols, for ideal AWGN 
(Black), with equalization (Red), without equalization (Green), for SNR values between

0 and 20, for Godard Algorithm.
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Figure 5.21: Plot of SER over 10000 transmitted QPSK symbols, for ideal AWGN 
(Black), with equalization (Red), without equalization (Green), for SNR values between

0 and 20.
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Figure 5.22: Plot of SER over 10000 transmitted 4-QAM symbols, for ideal AWGN 
(Black), with equalization (Red), without equalization (Green), for SNR values between

0 and 20.
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Figure 5.23: Plot of SER over 10000 transmitted 16-QAM symbols, for ideal AWGN 
(Black), with equalization (Red), without equalization (Green), for SNR values between

0 and 20.
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      It is clearly observed from the plots of BER/SER- SNR, that the equalizer mitigates 

the  effect  of  ISI  on  the  channel,  thereby  improving  the  performance  of  the 
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communication system.  The nearer the equalizer curve is to the ideal channel (AWGN) 

curve, the better is the performance of the equalizer. 

5.7        Chapter Summary

In this chapter, we have seen the results of the simulation of various algorithms.  We have 

also  discussed  about  the  various  factors,  such  as  eye  patterns,  learning  curves  and 

impulse response of combination of channel and equalizer.

      Finally, variation of the most important factor, Bit Error Rate (BER), or Symbol Error 

Rate (SER) with that of SNR for various algorithms and modulation schemes is shown.
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Conclusions



The problem of intersymbol interference is mainly caused in dispersive channels such as, 

telephone and Radio channels.  In a dispersive channel an adaptive filter can be placed to 

“Equalize” the channel, i.e. to provide a frequency and phase response in the signal pass 

band which is the inverse or reciprocal of that of the channel itself, and thus compensate 

for  dispersion.   For  wireless  (Radio)  transmission,  such  as  in  mobile  cellular 

communications,  the multipath propagation of transmitted signal results  in severe ISI. 

Equalizers are the devices widely used to mitigate the effects of ISI.  With the advent of 

new  technologies  in  mobile  cellular  communication,  and  in  general,  in  the  field  of 

communications,  adaptive  equalizers  have  really  proved  to  be  very  powerful  in 

combating ISI effect.

      In the algorithms used in this project,  equalizer adaptations does not require the 

knowledge of the transmitted sequence nor carrier phase recovery and is also independent 

of the data symbol constellation used in the transmission system.

      The cost functions to be minimized are not convex, but convergence to optimal gains 

can  be  ensured  by  employing  small  step-size  parameters  in  adaptation  loops  and 

initializing the equalizer reference gain to any large enough value, typically in the order 

of  2  when  the  equalizer  input  energy  is  normalized  to  that  of  the   data  symbol 

constellation.   Practically,  data  receivers  are usually equipped with an automatic  gain 

control circuit, so that the equalizer initialization should not be a critical problem.

      Simulations have shown that the algorithms used in this project are extremely robust 

with respect to the channel distortions.  As expected, since data symbols are not known at 

the receiver, equalizer convergence is slow. 

      The algorithms used in this project do not require much computing power which 

makes their implementation easy, and therefore attractive, in communication systems. 
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Appendix



A.1    Derivation for the weight-vector update equations 

for Sato and Godard algorithm.

Consider the structure of Blind adaptive equalizer in fig. A.1.

Figure A.1:  A Representation of Structure of Blind Adaptive Equalizer.

The adaptive equalizer in fig. A.1 can be represented as shown in fig. A.2.
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Figure A.2:  Representation of Adaptive Filter.
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and, the weight vectors,
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i.e.

                                                      )()()( nXnWny T=  

(A.1)



The error signal, )(ne is given by

)()()( nyndne −=

substituting )(ny from equation (A.1) in equation (A.2), we get

                                                    )()()()( nXnWndne T−=  

(A.2)

Sato Algorithm

The cost function, in the case of Sato algorithm is given by

                                                 })]()(sgn{[)( 2nynyEnJ −= α  

(A.3)

where, 

})({

)}({ 2

nxE

nxE=α .

For binary PAM,

11.
2

1
1.

2

1
})({ =−+=nxE , and
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Thus, 1)}({ 2 =nxE  and 1
})({

)}({ 2

==
nxE

nxEα .

Since, we use LMS algorithm, the expectation, E in equation (A.3) can be neglected, and 

since 1=α , we can write the cost function as

2)]()([sgn)( nynynJ −=

The gradient of the cost function is given by

)()]())(([sgn2)()]())(([sgn2
)(

)(
)( nXnynyknxnyny

nw

nJ
nJ

k
w −−=−−−=

∂
∂=∇

The weight-vector update equation is given by

).()]())([sgn()()1(

),()]())(()[sgn2()()1(

),()]}())(([sgn2{)()1(

)]([)()1(

nXnynynwnw

nXnynynwnw

nXnynynwnw

nJnwnw

−+=+
−−+=+

−−+=+
∇+=+

µ
µ

µ
µ

Since, error signal, )())(sgn()( nynyne −= , we can write the weight vector update 

equation as 

76



                                           )()()()1( nXnenwnw µ+=+  

(A.4)

Comparing, equation (A.4) with equation (4.6), )()( nXnu = .

Godard Algorithm

The cost function, in the case of Godard algorithm is given by

                                               }))({()( 22

pRnyEnJ −=  

(A.5)

where, 
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Since, we use LMS algorithm, the expectation, E in equation (A.5) can be neglected, and 

since 1=pR , we can write the cost function as
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Here, )()(............)1()()()()( ****
2
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Therefore, 

 Thus, the gradient of the cost function can now be written as
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The weight-vector update equation is given by
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Since, error signal, )())(()(
2

nynyRne p −= , we can write the weight vector update 

equation as 

                                           )()()()1( * nXnenwnw µ+=+

where, X (n) is the input to the filter. 
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